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Abstract. We introduce a new construction of £'o-semigroups, called generalized 
CCR flows, with two kinds of descriptions: those arising from sum systems and 
those arising from pairs of Co-semigroups. We get a new necessary and sufficient 
condition for them to be of type III, when the associated sum system is of finite 
index. Using this criterion, we construct examples of type III i?o-semigroups, which 
can not be distinguished from _Eo-semigroups of type I by the invariants introduced 
by Boris Tsirelson. Finally, by considering the local von Neumann algebras, and by 
associating a type III factor to a given type III i?o-semigroup, we show that there 
exist uncountably many type III iJo-semigroups in this family, which are mutually 
non-cocycle conjugate. 



1. Introduction 

An i?o-semigroup is a weakly continuous semigroup of unital *-endomorphisms on 
M{H), the algebra of all bounded operators on a separable Hilbert space H. Eq- 
semigroups are classified into three broad categories, namely type I, II, and III, 
depending upon the existence of intertwining semigroups called units. William Arve- 
son completely classified the i^o-semigroups of type I, by showing that the CCR flows 
exhaust all the type I -Eo-semigroups, up to the identification of cocycle conjugacy 
([5]). But the theory of -Eo-semigroups belonging to type II and type III remained 
mysterious for quite some time. There is no hope of completely classifying the whole 
class of ii^o-semigroups even now, basically due to the presence of type II and type 
III examples. 

For quite sometime there were essentially only one example for each type II and 
type III i?o- semigroups, due to R. T. Powers ([H], [E])- In this context Boris 
Tsirelson produced uncountable families of both type II and type III £^o-semigroups 
by using measure type spaces arising from several models in probability theory (|18j). 
It is equivalent to study the product systems of Hilbert spaces, a complete invari- 
ant introduced by Arveson, in order to understand the associated i?o-semigroups. 
Tsirelson basically produced uncountable families of both type II and type III prod- 
uct systems of Hilbert spaces. 

Tsirelson's construction of type HI product systems uses off white noises, which 
are Gaussian generalized (i.e. distribution valued) processes with a slight correlation 
between "past and future". After discussing Tsirelson's results, Arveson concludes 
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his book ([5j) by saying, 'It is clear that we have not achieved a satisfactory under- 
standing of the existence of 'logarithms' in the category of product systems.' This 
was clarified for Tsirelson's type III examples in [6] from the viewpoint of operator al- 
gebras. Inspired by the results of Tsirelson, a purely operator algebraic construction 
of Tsirelson's type III examples was provided in [6]. They were called as 'product 
systems arising from sum systems'. In particular, a dichotomy result about types was 
proved in [6], namely, it was proved that the product system arising from a divisible 
sum system is either of type I or of type III. A sum system is said to be divisible if 
it has sufficiently many real and imaginary addits (called additive cocycles in [6]). 

On the other hand, motivated by Tsirelson's construction of type III examples, a 
class of Co-semigroups acting on L^(0, oo), which are Hilbert-Schmidt perturbations 
of the unilateral shift semigroup, was investigated in [10]. Description of such semi- 
groups in terms of analytic functions on the right-half plane was given and several 
examples were constructed. 

In this paper we discuss the consequences of these developments. First we describe 
the i?o-semigroups associated with the above mentioned product systems arising from 
sum systems. This would generalize the simplest kind of i^o-semigroups called CCR 
flows. These generalized CCR flows are given by a pair of Co-semigroups. By study- 
ing the product system we get a new necessary and sufficient condition for the Eq- 
semigroup to be of type III, when the associated sum system is of finite index. This 
criterion is much more powerful than the sufficient condition already proved in [B]. 

Using the results proved in pilj, we compute the additive cocycles for the pairs 
of the shift semigroup and its perturbations, and show that the sum systems associ- 
ated with them are always divisible. This class of sum systems include those coming 
from off white noises of Tsirelson. Then we concentrate on a special subclass of 
Co-semigroups, which give rise to new type III i?o-semigroups. These new examples 
cannot be distinguished from type I i?o-semigroups by the invariants introduced by 
Tsirelson, and later discussed in [6J . Let us give an intuitive explanation of this phe- 
nomenon in terms of Tsirelson's off white noise picture here. Although our examples 
also come from Tsirelson's off white noises, spectral density functions for them tend 
to 1 at infinity. This means that our off white noises are so close to white noise that 
Tsirelson's invariant can not work for them. 

Finally, we associate a type III factor as an invariant to each of these type III 
£'o-semigroups, and using that we prove that there are uncountably many examples 
in this family which are not cocycle conjugate to each other. Toeplitz operator plays 
an essential role throughout these discussions. 

We end this section by reviewing some of the very basic definitions about Eq- 
semigroups. For the definitions of notions related to £^o-semigroups, such as cocycle 
conjugacy, index etc., we refer to [S]. A unit for an i?o-semigroup {at} acting on M{H) 
is a strongly continuous semigroup of bounded operators {Tj}, which intertwines a 
and the identity, that is 



at{X)Tt = TtX, \/Ae M{H), t > 0. 
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Product systems, a complete invariant for cocycle conjugacy introduced by Arve- 
son, are demonstrated to be a very useful tool in studying ii^o-semigroups. For 
an £'o-semigroup {at;t > 0} these are Hilbert spaces of the intertwining operators 
{Ht;t> 0}, defined by 

Ht = {T e n{Hy, at{X)T = TX, V X G M{H)} 

with inner product (T, S)1h = S*T (see [5j). Every notion related to i?o-semigroups 
can be translated into the framework of the associated product systems. We provide 
here a slightly different (but equivalent) definition than originally defined in [1] and 
[5]. The difference is in the measurability axiom (and we do not need a separate 
non-triviality axiom), which is due to Volkmar Liebcher. He has also proved in 
[T2j that any two measurable structures on a given algebraic product system give 
rise to isomorphic product systems, and as a consequence we get that two product 
systems are isomorphic if they are algebraically isomorphic. So we need not consider 
measurable structures while dealing with isomorphism of product systems. 

Definition 1.1. A product system of Hilbert spaces is an one parameter family of 
separable complex Hilbert spaces {Hf, t > 0}, together with unitary operators 

Us,t ■■ Hs®Ht ^ Hs+t for s, t G (0, oo), 
satisfying the following two axioms of associativity and measurability. 

(i) (Associativity) For any si, S2, S3 G (0, 00) 

(ii) (Measurability) There exists a countable set of sections R 3 t —>■ ht E Hf 
such that 1 1— > {ht, h[) is measurable for any two /i, h' G and the set {ht] h G H^} 
is total in ifj, for each t G (0, 00). Further it is also assumed that the map {s^t) ^-^ 
{Us,t{hs ht), /i's+J is measurable for any two h, h' G H^. 

Definition 1.2. Two product systems {{Ht}, {Us^t}) and ({-f^t}' {^s tl) ^^^^ 
be isomorphic if there exists a unitary operator Vt : Ht ^ H[, for each t G (0, 00) 
satisfying 

Vs+tUs^t = K^tiys®Vt). 

Definition 1.3. A unit for product system is a non-zero section {ut;t > 0}, such 
that the map t 1—* {ut, ht) is measurable for any h G H^ and 

Us,t{us ® Ut) = Us+t, Vs, t G (0, 00). 

A product system (£^o-semigroup) is said to be of type I, if units exists for the 
product system and they generate the product system, i.e. for any fixed t G (0, 00), 
the set 

n 

1=1 
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is a total set in Ht, where U is the set of all units and the product is defined as the 
image of ul_^®uf^ ■ ■ -^m"^ in Hf, under the canonical unitary given by the associativity 
axiom. It is of type II if units exist but they do not generate the product system. 
We say a product system to be of type III or unitless if there does not exist any unit 
for the product system. 



2. Preliminaries and notation 

In this section we fix the notation used in this paper, recall some of the results 
proved earlier and make a few definitions. For an operator A, we denote the range 
of A by Ran {A) and the kernel of A by Ker [A). We denote the identity operator on 
a Hilbert space H by 1h (or simply by 1 if no confusion arises). 

For a complex Hilbert space K, we denote by ^{K) the symmetric Fock space 
associated with K, and by $ the vacuum vector in r{K) (see [I3]). For any x & K, 
the exponential vector of x is defined by 

e(x) = (B^=Q—^, 
yn\ 

where x^ = $. Then the set of all exponential vectors {e{x) : x G K} is a linearly 
independent total set in T{K). For a unitary U G M{K), we denote by Exp (U) the 
unitary in B(r(i^')) given by Exp {U)e{x) = e{Ux). The Weyl operator, correspond- 
ing to an element x G -ft', is defined by, 

W{x){e{y)) = e-^-<^'">e(i/ + x), 

and W{x) extends to a unitary operator on T{K). The *-algebra generated by 
{W{x)}x£K is called the Weyl algebra for K. 

For a real Hilbert space G, we denote the complexification of G by G'^. For two 
Hilbert spaces Gi, G2, define 

S{Gi,G2) = {Ae B(Gi,G2);^ invertible and I - {A*A)^ Hilbert-Schmidt}. 

In the above definition and elsewhere, by invertibility we mean that the inverse is 
also bounded. The set S{., .) is well behaved with respect to taking inverses, adjoints, 
products, and restrictions (see |6j). For two real Hilbert spaces Gi,G2 and A G 
S{Gi,G2), define a real liner operator Sa '■ G2 by SaIu + w) = Au + i{A^^)*v 

for u,v E Gi. Then Sa is a symplectic isomorphism between Gf and G2 (i.e. Sa 
is a real linear, bounded, invertible map satisfying lm{{SAX, Sav)) = lm{x,y) for 
all x,y e Gf, see [TSl page 162]). In general Sa is not complex linear, unless A is 
unitary. 

The following theorem, a generalization of Shales theorem, is used to construct the 
product system from a given sum system in [H]. 

Theorem 2.1. (i) Let Gi,G2 be real Hilbert spaces and A G S{Gi,G2) , then there 
exists a unique unitary operator T{A) : r(Gf ) — > T^Gf) such that 
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(2.1) T{A)W{u)T{A)* = W{Sau) ^ u e 

(2.2) (r(v4)<i>i,$2) e M+ 

where $i and $2 (ii^g the vacuum vectors in T{Gi) and r(G'2 ) respectively. 

Conversely, for a given bounded operator A : Gi ^ G2, if there exists a unitary 
operator T{A) : T{G^) ^ T{G^) , satisfying, T{A)W{u)T{A)* = W{Sau), W u e G^ 
then A G S{Gi,G2). 

(ii) Suppose Gi, (^2, ^3 be three real Hilbert spaces, and A G S{Gi, G2), B G S{G2, G^), 
then 

(2.3) r(A-i) = r(A)* 

(2.4) T{BA) = T{B)T{A) 

Proof. We only have to prove the converse part of (i). Remaining parts are already 
proved in [6]. For A G M{Gi,G2), consider the polar decomposition of A = UAq, 
where Aq G B(G'i), and U G M{Gi,G2) a unitary operator. Suppose there exists 
a unitary operator T{A) : T{Gf) T{G^), satisfying T{A)W{u)T{Ay = W{Sau), 
then r{Ao) = Exp {U*)r{A) will satisfy, r{Ao)W{u)r{Aoy = W{SaoU)- The original 
version of Shales theorem will imply that Aq G S{Gi, Gi) (see [131 page 169]). So we 
can conclude that A G S{Gi, G2)- □ 



Next we define the notion of a sum system. 

Definition 2.2. A sum system is a two parameter family of real Hilbert spaces {Gs^t} 
for < s < t < 00, satisfying Gg^t C Ggi^t' if the interval (s, t) is contained in the 
interval (s',t'), together with a one parameter semigroup {St}^ of bounded linear 
operators on G(o,oo) for t G (0, 00) such that 

(i) 5,|g„, G 5(Go,t, Gs,s+t) V t G (0, 00], s G [0, 00). 

(ii) If As,t ■ Go^s®Gs,s+t ^ Go^s+t, is the map A^,j(x©y) = x + y, for x G Go.s,?/ e 
Gs,s+u then A^^j G >S(G'o,s © ^^,5+*, ^0,^+*), V s, t G (0, 00). 

(iii) The semigroup {St} is strongly continuous. 

We say that two sum systems {{Ga,b}, {St}) and {{G'^ , {S'^}) are isomorphic if 
there exists a family of operator Ut G S{Go^t, C'oi) preserving every structure of the 
sum systems, (i.e) {Ut} satisfies 

where A'^^ is defined for ({G'^^}, {S'^}) similar to Ag^t above. 

The above definition is slightly stronger than the one given in |6j. Namely, we 
require here that {S't} is a Co-semigroup acting on the global Hilbert space Go,oo and 
axiom (ii) holds for t = 00 also, though they were not assumed in [6]. 
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Given a sum system {{Gg^t}, {St}), we define Hilbert spaces Hf = T{Gq^), and 
unitary operators f/^,t : Hs ® Ht ^ Hs+t, by f/s,t = T{As^t){'^Hs ® r(S's|Go,J)- is 
proved in [6] that {{Ht}, {Ug^t}) forms a product system. Isomorphic sum systems 
give rise to isomorphic product systems. 

Let i^' be a complex Hilbert space and let {St} be the shift semigroup of L^{{0, oo), K) 
defined by 

iStf)is) = 0, s<t, 

= f{s-t), s>t, 

for / G {{0 , oo) , K) . The OCR fiow of index dimi^' is the -Eo-semigroup a acting 
on M{r{L\{0,oo),K))) defined by at{W{f)) = W{Stf). 

To generalize the OCR fiows, we ask the following question. Let G be a real 
Hilbert space and H = r(G^). Suppose we have two semigroups of linear operators, 
St, Tt : G ^ G for t > 0. Consider the association 

at{W{x)) ^ W{Stx), at{W{iy)) ^ W{iTty), x,y e G. 

When can we extend this map to an i?o-semigroup on B(iJ)? The continuity and the 
semigroup property of {at} will immediately imply that both {St} and {Tt} have to 
be Co-semigroups. Also, at being an endomorphism satisfies 

at{W{u)W{v)) = at{W{u))at{W{v)),u,v G G^. 

Comparing both sides, using the canonical commutation relation, we get 

{StX,Tty) = {x,y) y x,y e G 

which is same as saying T^St = 1. Assume that these conditions are satisfied. Then 
for at to extend as an endomorphism of M{H), it is necessary and sufficient that at, 
as a representation of the Weyl algebra, is quasi-equivalent to the defining (vacuum) 
representation. 

The following lemma, probably well-known among specialists, gives a complete 
answer to the above question. For convenience of the reader, we include a proof here. 

Lemma 2.3. Let G be a real Hilbert space and let S and T be operators in M{G) 
satisfying T*S = 1. Then the representation tt of the Weyl algebra for G'^ given by 

TTiW^x + iy)) = W{Sx + iTy), x,y e G 

is quasi- equivalent to the defining representation if and only if S — T is a Hilbert- 
Schmidt class operator. 

Proof. Thanks to the relation T*S = 1, the above tt actually gives a representation 
of the Weyl algebra. Since T* (resp. S*) is a left inverse of S (resp. T), the range of 
S (resp. T) is closed and \S\ (resp. |T|) is invertible. 

We first claim that vr is a factor representation. Let Ki = Ran (S) and K2 = 
Ran(T), which are closed subspaces of G. Then the relation T*S = 1 implies that 
we have KiH = = {0}, and so 

M := {7t{W{z)); z G G^}" = {W{x + iy); x e Ki, y e K2}" 
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is a factor thanks to [H Theorem 1]. The claim imphes that vr is quasi-equivalent to 
the restriction of vr to M$, which is unitarily equivalent to the GNS representation of 
the quasi-free state uj'{x) = (7r(x)$, $). Therefore to prove the statement, it suffices 
to show that the GNS representations of the vacuum state u and the quasi-free state 
u' are quasi-equivalent if and only if 5* — T is a Hilbert- Schmidt operator. For that 
we can apply well-known criteria in [3] , [7] . Note that u and u' are given by 

uj{W{x + iy)) = e-(ll-ll'+llfll')/2, , X, y G G, 

co'iWix + ly)) = e-((l5P-.-)+(I^I^J/.J'))/2, x.yeG. 

Since we deal with Weyl operators rather than creation and annihilation operators, 
we use the criterion in [7J, and we first recall the notation there. Let a{zi,Z2) = 
— Im {zi, Z2), which is a symplectic form of as a real vector space. Then we have 
the Weyl relation W{zi)W{z2) = e~'-''^''^'''^^W{zi + ^2)- Let A{x + iy) = y - ix and 
B{x + iy) = \T\'^y - i\S\'^x and let sa(-2i,-22) = cr(^-2i, 2^2), ^^(-21,-22) = cr{Bzi,Z2). 
Then the two states are given by u{W{z)) = (^-^a{z,z)I2 J{yv{zy) = e-''B{z,z)/2 ^ 
To see that uj' is a quasi-free state, we have to verify that B*B — 1 is positive as an 
operator acting on the real Hilbert space equipped with the inner product sb- 
Since B* = -B, all we have to show is \S\^\T\^\S\^ > \S\^ and \T^\\S\^\T^\ > \T\^, 
or equivalently just |S'||Tp|S'| > 1. Indeed, let S = U\S\ and T = V\T\ be the 
polar decomposition of S and T respectively. Then thanks to T*^ = 1, we have 
V*U = \T\-'^\S\-\ and so we get 1 > V*UU*V = \T\-'^\S\-^\T\~\ which shows 
|5||T|2|5| > 1. 

Let Qa = A + AVTTA^ = a and Qb = B + B^/TTB^, where VTTB^ is 
a positive operator acting on {G^,sb) satisfying + B~^ = 1 + B~^. Then the 
two GNS representations are quasi-equivalent if and only if Q~]^Qb — 1 is a Hilbert- 
Schmidt operator [7, page 190]. In the rest of the proof, the symbol = means equality 
up to a Hilbert-Schmidt class operator. Straightforward computation yields 

Q-AQB{x + iy) = \S\{l + ^l-\S\-^\T\-^\S\-^)\S\x 

+ «|r|(i + v/l-|T|-i|5|-2|T|-i)|T||/, 

and so Q^Qb — 1 is a Hilbert-Schmidt operator if and only if the following two 
relations hold: 

(2.5) Vl-|5|-i|T|-2|5|-i = |5|-2_i, 

(2.6) yjl - |T|-i|5|-2|T|-i = |T|"2 - 1. 

Assume first that the equations (12.51) and (12. 6p hold. Then (12. 5p implies 

1 - \S\-^\T\-^\S\-^ = 1 - 2\S\-^ + \S\~\ 
which is equivalent to \S\^^ + {T]^"^ = 2. Therefore (12.51) . (12.61) . and this imply 

Vi - |5|-i|r|-2|^|-i + Vi- |T|-i|S|-2|T|-i = 0. 

Since the left-hand side is a positive operator, each term must be a Hilbert-Schmidt 
operator. This means that the both sides of (12. 5p and (12.60 are Hilbert-Schmidt 
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operators. In particular, we have l^l^^ = |T|^^ = 1 and the two operators 1 — 
|^|-i|2i|-2|^|-i g^j^j ^ _ |2"|-i|5'|-2|2i|-i g^j^g trace class operators. Since this shows 

that — |T|^^ is a trace class operator, the operator 

{s - Ty{s -T) = \s^\ + |r|2 - 2 = \s\^ - irr^ + (|y|-2 _ ^^2|y|2 

is a trace class operator. This shows that S* — T is a Hilbert-Schmidt operator. 

Assume conversely that — T is a Hilbert-Schmidt operator now. Then = 
S\S -T) = \S\^ -1,0 = T*{T - S) = |T|2 - 1 and 

{S-T)*{S-T) = \S\^ + \T\^-2 

is a trace class operator. Therefore a similar computation as above shows that (12.51) 
and (EH) hold. □ 

The above lemma allows us to introduce the notion of a generalized CCR flow. 

Definition 2.4. Let {St} and {Tt} be Co-semigroups acting on a real Hilbert space 
G. We say that {Tt} is a perturbation of {St}, if they satisfy, 

(i) Tt*St = 1. 

(ii) St — Tt is a Hilbert-Schmidt operator. 

Given a perturbation {Tt} of {St}, we say that the E'o-semigroup {at} acting on 
B(r(G'^)) given by 

atiW{x + ty)) = WiStX + tTty), x,y E G 
is a generalized CCR flow associated with the pair {St} and {Tt}. 

In fact we can also show from Proposition 13.61 (see Section [3]) that a pair of 
({St}, {Tt}) gives rise to a generalized CCR flow if Tt is a perturbation of St. 

From Section [5] onwards we will follow the notations used in [10] . We will denote 
by {St} the shift semigroup of L^{0, oo). For f,gE L^{0, oo), we denote 

poo 

if,9) = / f{x)g{x)dx, 
Jo 

while {f,g) denotes the usual complex inner product. Let be the right-half plane 
G C : Rex > 0}. For 2; G we set e^ix) = e~^^. We denote by i^ioc[0, 00) the set 
of all measurable functions on [0, 00) which are integrable on every compact subsets 
of [0, 00). For / G Ll^cl^, 00) and a > 1, such that the function e~"^/(a;) G L^{0, 00), 
we denote by C[f]{z) the Laplace transform 

/"OO 

C[f]{z) = / f{x)e-'''dx, Rez>a. 
Jo 

Let TiV be the set of holomorphic functions M{z) on the right-half plane 
such that M{z)/{1 + z) belongs to the Hardy space H'^{M.r) and M{z) does not 
belong to if^(EIr). Then we can associate a differential operator Am through the 
procedure described in [TOl Sections 2 and 3]. Namely, let q G L^(0, 00) such that 
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= M{z)/ (l+z). Then Aa^- is the differential operator y4M/(a;) = —/'(a;) whose 
domain D{Am) is the set of locally absolutely continuous functions / G L'^{0, oo) such 
that /' e L\0, oo) and (/ - /', q) = 0. 

We denote by HVi, the set of M G HV such that Am generates a Cq- semigroup, 
and by the set of M G HVb such that e*^^^ - St is a Hilbert-Schmidt operator 
for all t > 0, where {St} is the shift semigroup. The semigroup {Tt = e*"^^^} will 
satisfy the relation T^St = 1 for all t > 0. Conversely for any given Co-semigroup 
Tt satisfying T^St = 1, its generator A can be described by a M{z) G TiVh as above 
and M{z) is unique up to a non-zero scalar multiple. 

On the other hand suppose {Tt = St + Kt} be a Co-semigroup on L^(0, oo) such 
that {Tt} is a perturbation of the shift semigroup {St}. Then it is proved in [lOl 
Section 4] that there exists a measurable function k{x,y) defined on (0, oo)^ and 
a > 0, satisfying 

(2.7) k{x + t,y) = k{x,y + t) + / k{x, s)k{t — s,y)ds, y t > 0, a.e {x,y) E {0, oo)'^ 



(2.8) / / le-"'' k{x, y)\' dxdy < oo 

such that 



Ktfix) = i(o,t)i^) [ - X. y)fiy)dy, f e L\o, oo). 

Jo 

Conversely if Kt is given by a measurable function k{x,y) as above, satisfying (12.71) 
and (12.81) . then the Co-semigroup {Tt = St + Kt} satisfies the above conditions (i) 
and (ii). 

As described in flUi Section 6] , Tsirelson's type III £'o-semigroups arising from off 
white noises (see [18], [19]) are isomorphic to generalized CCR flows associated with 
{St} and {Tt} as above with the spectral density functions |M(i?/)p. 

Now we describe a particular subclass of Co-semigroups which are perturbations 
of the shift. We denote x Ay = mm{x,y}. It is proved in [TOl Lemma 5.1] that for 
any (p G Ll^ci^, oo) fl L^{{0, oo), x A Idx), there exists a unique and a positive real 
number a satisfying Caip ^ -^^(0, oo) and 

The following theorem is also proved in [TOl Theorem 5.2]. 

Theorem 2.5. Let Lp G -^^ioc[0, oo) fl L'^{{0, oo), x A Idx) and ip be defined as above. 
Then k{x, y) defined by 

k{x,y) = p>{x + y) + (p{x + y - s)ij{s)ds, 
Jo 

satisfies the conditions \2. 7| ), h2. 8\) . and consequently gives rise to a Co-semigroup 
{Tt} satisfying conditions (i) and (ii) of Definition\2.4 
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We will often be using the following theorem flUi Theorem 5.3]. 

Theorem 2.6. Let ip G -Z^ioc[0, oo)nL^((0, oo),xAldx) and {Tt} be the Co-semigroup 
constructed from if as in the above theorem, which is a perturbation of the shift. 
Let Am, with M G 'H'D2, be the generator of {Tt} and let q G L^(0, oo) \ D{A) 
be the function satisfying (1 + z)C[q]{z) = M{z). Then q is continuous at and 
M(z)=g(0)(l-/:M(^)). 

When ip is a. real function in Ll^^[0,oo) fl L^((0,oo),a; A Idx) and let M = 1 — 
C[{p], then we get a Co-semigroup {Tt} as described above, which preserves the real 
functions in L^{0, oo). We will show in Section [7] that the generalized CCR flows a"^ 
associated with such pairs ({^t}, {Tt}) is type III if and only if ^ -^^(0, oo). 

In the last section we associate von Neumann algebras to bounded open sets in 
(0, oo), for each i?o-semigroup in this family. These local von Neumann algebras form 
an invariant for the -Eo-semigroup. For a subfamily of the above constructed Eq- 
semigroups, we provide two different open sets for given two different i?o-semigroups, 
whose associated von Neumann algebra is a type III factor for the first E'o-semigroup 
and type I factor for the second £'o-semigroup. This way we show that there exists 
an uncountable family of type III E'o-semigroups which are mutually non-cocycle 
conjugate. 

3. Sum systems and Generalized CCR flows 

In this section we study the i?o-semigroup associated with the product system 
constructed out of a given sum system. Fix a sum system {{Ga,b}, {St}) and let 
{{Ht}, {Us^t}) be the product system constructed out of it. Denote G = Go.oo, At = 

oo- For X E G, define Xg G Gq^s, Xg^t £ Gg^t, and Xt^oo G Gt^oo by the unique 
decomposition, 

X Xg ~\~ Xg^t ~t~ Xt^oo' 

We may consider St as a bounded linear invertible map from G onto Gt^oo- Hence 
(5*^*)"^ is a well-defined bounded operator from G onto G(,oo- When there is no 
confusion, by misusing the notation, we consider (5*^*)^^ as an element of B(G) itself. 
Define Z G B(G'), by 

Tt = {Al)-'A;\s:)-'yte[0,oo). 
Lemma 3.1. For any y G Go,ooj the family {St^^yt^oo}t>o converges to y, as t ^ 0. 
Proof. We have 

\\St^yt,oo - y\\ = \\S^^{yt,oo - Sty)\\ < \\S^^\\{\\yt,oo - y\\ + \\Sty - y\\). 

We claim that there exist positive numbers c and e such that for all x G G and 
t G (0,e) we have > c||a:||. Indeed, if it were not the case, we would have a 

decreasing sequence {tn}'^=i of positive numbers converging to zero and a sequence 
{xn}'^=i in G satisfying = 1 such that {||5't„a;n||}^i converges to zero. Note 
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that since {5*^} is a Cq- semigroup, there exist positive constants a and h such that 
ll^tll < ae''* holds for alH > (see [201 page 232]). We choose s > ti. Then 

\\SsXn\\ = ||5'^-t„5't„x„|| < ||S's-t„||||S't„a;„|| < ae'"'\\St„Xn\\ 0, {n ^ oo), 

which is a contradiction because Ss is invertible as a map from G onto Gg^oo- Therefore 
the claim is proved, and so || 5*4^^11 is bounded when t tends to 0. On the other hand 
Sty converges to y by the strong continuity of the semigroup {St} and yt^oo converges 
to y (see |l6j, Proposition 24]), which finishes the proof. □ 

Lemma 3.2. {Tt} forms a Go-semigroup on G. 

Proof. Note that TjX = iA;)-^{0 © (5;)"^x), and therefore 

(3.1) {Ttx,y) = {{0®{S:r'x),A;'y) = {x,S-'yt,oc), V x,yeG. 
Hence for any x,y G G, 

{TsTtX,y) = {TtX,S;^{ys,oo)) 

= {{Sty^x, {Sj'^y s,oo)t,oo) 

~ ii^s+t) X,Ss{Sg ys,oo)t,oc) 

Suppose ?/s,oo = Ssy' for some y' e G, then Ss{S~^ys,oo)t,oo = Ssy^^ = ys+t,oo- Hence 
we get 

{TsTtX,y) = ((5,%i)"^x,?/s+t,oo) 
= {Ts+tx,y) 

So {Tt} forms a semigroup. Now equation (13. ip . thanks to Lemma [3.11 will imply 
that the semigroup {Tt} is weak and hence strongly continuous (see [20^ page 233]). 
So {Tt} forms a Co-semigroup. □ 

We say that the pair ({5^}, {Tt}) is associated with the sum system (Ga.fe, St). 

The £'o-semigroup associated with the product system {Ht, Ug^t) can be described 
in terms of these two semigroups, {St} and {Tt} as follows. Let H = r(G^). 

Proposition 3.3. Let the notation be as above. Then there is a unique E^-semigroup 
at on M{H) satisfying 

at{W{x)) = W{Stx), at{W{ty)) = W{tTty), x,y e G. 

Moreover the product system associated with this E^-semigroup is the one constructed 
out of the sum system. 

Proof Fix t > 0. Set Ht,^ = T{Gf^J and Ut = T{At) : Ht ® Ht,^ ^ H. 

The map T i— > T{St)TT{St)* is an isomorphism between B(if) and B{Ht^oo)- So 
we get a *-endomorphism of M{H) defined by 

(3.2) T ^ Ut{lH,,,®T{St)TT{Sty)U; 
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We claim that the above endomorphism is at- Indeed, for x,y E G we have 
a^^{W{x + zy)) = T{A,)W{0®{StX + iS~'*y))T{A,y 
= W{StX + tA-^*{0(BS;^*y)) 
= WiStx + tTty), 

where we identify l^t ® W{z) with W{0 © z) for z G Gf^. Hence at defined in the 
proposition extends to a *-endomorphism on M{H), and we get a generahzed CCR 
flow. Since any endomorphism on M{H) is determined uniquely by its restriction to 
the Weyl algebra, at is the unique extension. 

To determine the product system of this i?o-semigroup, we want to determine the 
family of Hilbert spaces 

Et = {T e M{H) : atiX)T = TX V X G M{H)}. 

Given a ^ Ht, we define a bounded operator T^^ on H by the following prescription, 

T^x = mt®nst)o, veei/. 

It is easy to verify that T^^ defines a bounded operator, and that 

{T*,T^,^,r^) = {^t,OHM, y^t,^'teHt. 
We claim that T^^ E Et. In fact by the definition of at (see equation (13.21) ) 
at{X)T^,i = Ut{lHo,0nSt)XT{Str)U:Ut{^t®T{St)O 

= ut{^t®nst)xo 

So the association ^t ^ T^t provides an isometry between Ht into Et. We only need to 
prove that this map is surjective. Suppose T G be such that T*T^^ = V G Ht, 
that is T* vanishes on all vectors of the form Ut{it ® r(S't)^), ^t G Ht,i G H. But 
such vectors forms a total subset of if, and hence we conclude that T = 0. It is also 
easy to verify that the product structure is also preserved. □ 

The above proposition together with Lemma 12.31 imply 
Corollary 3.4. Let the notation he as above. Then {T^} is a perturbation of {St}. 

Now we investigate the reverse question. Let G be a real Hilbert space and 
H = T{G'^). We assume that a Co-semigroup {Tt} is a perturbation of another 
Co-semigroup {St} acting on G. Our task is to determine the product system for the 
generalized CCR flow associated with the pair ({5"*}, {Tt}). 

Define 

Co,i = Ker(rj*), G(o,oo) = [JCo,*; Ga,b = Sa{Go^h-a)- 

We verify that Ga,b ^ Cc,d whenever (a, b) C (c, d). This is same as saying 

ScSa-dGo^b-a) ^ Sc{GQ^d~c) ■ 

So we only need to verify that Sa-cX G Co,d-c, for any x G Go,fe-a- 
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First we assume that d ^ oo. We verify that Sa-cX J- Ran {Td-c) as follows. For 

z eG, 

= {X, Td-aZ) 

= {x,Tb_aTd~bZ) 

= 0. 

Now let d = oo. If 6 7^ oo then the above verification itself implies that, for any 
finite d' > b, we have 

ScSa~c{Go,b~a) ^ 5'c(G'o,d'-c) ^ 5'c(G'o,oo)- 

So we have to consider only the case when 6 = oo, and equivalently we only have to 
show that 5'f((j'o,oo) ^ Ccoo for any t > 0. But this follows immediately as we have 
already shown that for any fixed s > 0, Ss{Go^t) C Go,oo for all s,t >0. 

Note that since St has a left inverse T^*, the range of St is closed and the operator 
St from G onto Ran (St) has a bounded inverse. 

Lemma 3.5. Let the notation be as above and < t < s < oo. Then 

(i) We have T/Gq,. C Go,s-f 

(ii) The two operators StT^ and 1 — StT^ are idempotents such that Ran {StT^) = 
Ker(l - StT;) = Ran (S*) and Ran(l - StT^) = Ker (StT^*) = Go,f In 
particular, the Hilbert space G is a topological direct sum ofGo^t and Ran (St). 

(iii) The Hilbert space Go,s is a topological direct sum of Go,t o-nd StGo^s-t- 

Proof, (i) It is easy to verify the statement for finite s. Assume x G 6*0,00- Then 
there exists a sequence {x„} converging to x such that x„ G Gcn- Thus for n larger 
than t, we get T^Xn G G^^n-t- Since {T^Xn} converges to Tj*x, the statement holds. 

(ii) follows from direct computation, (iii) follows from (i) and (ii). □ 

Let P : G — >• Go.oo be the orthogonal projection. We define St and T° by 

5° = PStP, T° = PTtP. 

Then {5'°} and {T^} are Co-semigroups and one is a perturbation of the other. 
Indeed, it follows from the fact that the inclusion relation 5't(Go,oo) ^ Gq^oo implies 
(1 - P)StP = and Lemma [331(i) implies PTt{l - P) = for all t > 0. ' 

Proposition 3.6. Let G be a real Hilbert space and let {St} and {Tt} be G^-semigroups 
acting on G such that {Tt} is a perturbation of {St}. Let {Gg^t}, {St}, o^nd {T°} be 
as above. Then 

(a) The system {{Ga,b}, {St}) forms a sum system. 

(b) The pair of Go-semigroups ({5°}, {T°}) is associated with {{Ga,b}, {St})- In 
consequence, the product system for the generalized CCR flow arising from 
{{St},{T^}) is isomorphic to the one arising from {{Ga,b}, {Sf}) ■ 
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(c) The product system for the generalized CCR flow arising from ({5*^}, {T^}) 
is isomorphic to the product system arising from {{Ga^b}, {Sf}) ■ In conse- 
quence, the generalized CCR flow arising from the pair {{St}, {Tt}) is cocycle 
conjugate to that arising from {{S^},{T^}). 

Proof, (a) We have already shown the axiom (iii) of Definition 12.21 and Ga,b ^ G^c,d 
for (a, 6) C (c, d). Since {T°} is a perturbation of {S^}, the operator has a left 
inverse T^*. Therefore the restriction of to Go,s is an invertible operator from Go,s 
onto StGo,s with the bounded inverse. Since ^°*(ro - Sf) = P- Sf*Sf is a Hilbert 
Schmidt operator, the axiom (i) is satisfied. 

To prove the axiom (ii), it is enough if we prove that the operator 

A,oo ■ Go^t © Gt^oo 3 x®y ^ X + y e G^oo, 

is in the class 5(G'o,t © Gt^oc,Go^oo), for all t G (0, oo). Let G'^ = Ran (5*4). We will 
prove a stronger statement that the operator, 

A[ : Go,* ®G[3x®y^x + yeG, 

is in the class iS(Go,t © G[, G), for all t G (0, 00). Thanks to Lemma the operator 
A[ has a bounded inverse. Let Xi,X2 G Go,t and yi,y2 G ^0,00- Then 

{A[*A[{xi © Styi),X2 © Sty2) = {xi + Styi, X2 + Sty2) 
= {xi, X2) + {Styi, Sty2) + {xi, Sty2) + {Styi, X2) 

= {xi © Styi,X2 © 5't?/2) + {TtiS^ - T*)xi, Sty2) + {Styi, Tt{Sl - T*)x2), 

where we use T^xi = T^X2 = 0. This shows that A[ G iS(Go,t © G[,G) and in 
consequence j G 5(Go,s © G^^s+j, Go,s+t)- Therefore the axiom (ii) holds and 
i{Ga,b}, {St}) is a sum system. 

(b) It suffices to verify 

= iAlJ-\A-L){Sn-\ 

where S^ is regarded as an element of B(Go,oo, Gt^oo)- For y & G, let y = yt + yt,oo be 
the unique decomposition such that yt G Go,t,?/t,oo G Gt,oo- By a calculation we have 
already done in Lemma [3. 2 [ for x,y ^ G, we have, 

{{AlJ-\A-'J{S:)-'x,y) = {x,S^'yt,^). 

On the other hand 

{T,\y) = {x,Tt*{yt + StSi\,^)) 
= {x, S^ ^yt,oo)- 
Therefore ({5°}, {T^}) is associated with ({G,,t}, {5°}). 

(c) We use the notation of the proof of (a). Proceeding exactly in the same way 
as in the proof of (b), by replacing Gt.oo with GJ, we can verify that 

Tt = iA';)-'A't-\s:)-\ 
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with regarded as an element in S{G,G't). By replacing r(Gj^) with T{G'^), 

and by exactly imitating the proof of the Proposition I3.3[ we conclude that 

R ^ r(A;)(ir(GC^) ® m)RmrnA'tr, 

is the generalized CCR flow given by the pair ({S^}, {Ti}). 

If we again imitate the proof of Proposition [331 the part where the product system 
is computed, we will be able to see that the product system associated with the 
generalized CCR flow given by the pair ({5'(}, {Tf}) also coincides with the product 
system constructed out of the sum system {{Ga,b}, {St})- 

Since the product systems determine i?o-semigroups up to cocycle conjugacy, we 
conclude that the generalized CCR flow given by ({5't}, {Tt}) is cocycle conjugate to 
the generalized CCR flow given by {{S?}, {r°}). □ 

Remark 3.7. It is practically impossible to classify pairs ({5't}, {Tt}) of Co-semigroups 
acting on G as above without posing any condition and let us consider the case where 
{St} is a semigroup of isometrics. Then up to unitary equivalence we may assume 
that G = L'^{{0, oo), K) ® L and St = S[® Ut, where {S'^} is the shift semigroup and 
{Ut} is a 1-parameter unitary group. In this case, we have 

^'-[o Ut )^ 

where {T/} is a perturbation of {5*^}. It is routine work to show that the two sum 
systems for {{St},{Tt}) and {T/}) are isomorphic (though not identical in 

general), and so Proposition 13.61 implies that the two generalized CCR flows arising 
from them are cocycle conjugate. Therefore it is worth investigating perturbations of 
the shift semigroup. This has been already done in [TU] in the case where dimi^" = 1 
and we will analyze the structure of the resulting generalized CCR flows in Section 
5-7. 



4. Type III criterion 

In this section we derive a necessary and sufficient condition, which would de- 
termine the type of the product system (in other words the type of the associated 
i?o-semigroup), arising from a divisible sum system with finite index. To begin with 
we define the notion of divisibility for sum systems and recall some results from [6]. 
We first define addits for a sum system, which were called as additive units in [6] 

Definition 4.1. Let {{Ga,b}, {St}) be a sum system. A real addit for the sum system 
{{G{a,b)}, {St}) is a family {xt}te{o,oo) such that Xt G Go,t, V t G (0, oo), satisfying the 
following conditions. 

(i) The map t h-> {xt,x) is measurable for any x G Gq.oo- 

(ii) Xs + SsXt = Xs+t, Vs,t, G (0, oo), (i. e.) As^t{xs © SsXt) = Xs+t- 
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An imaginary addit for the sum system {{Ga,b}, {St}) is a family {yt}te{o,oo) such 
that yt G Go,t! V t G (0, oo), satisfying the following conditions. 

(i) The map t {yt,y) is measurable for any y G Go.oo- 

(ii) {yt} satisfies © iS:)'^yt) = ys+t, Vs,t, G (0, oo). 

We denote by RM^ and lAU the set of all real and imaginary addits respectively, 
which are real linear spaces. For a given real addit {xt}, define Xs,t = Ss{xt~s) G Gs,t- 
Similarly for a given imaginary addit {yt} define ys^t = {S*)~^{yt-s) ^ Gg^t- 

We also define for an imaginary addit {yt}, 

Go,s 3 'y's,,s, = {A*)~\0 © ys,,.s, © 0), for any (si, S2) C (0, s), 
where A : Go.si © G'si,s2 ® ^S2,s — ^ Go,s is defined by x © ?/ © 2; ^— x + ?/ + z. It is easy 
to check that '^y^^ ^ (G^o.si \/ Gs2,s)^ H Go.s- When s = 1, we just denote *?/^^ ^^by 
y'si,s2^ and ?/o,t by just y^. Finally note that 

Xs -r Xs,s+t — Xs+t, ys + ys,s+t — ys+f 

Definition 4.2. A sum system ({Ga,b}; {St}) is called as a divisible sum system if 
the addits exist and generate the sum system, (i. e.) 

= spanM[xsi,s2; (si, S2) C (0, s), {xt} G i?^] 

and 

Go,s = spanK[^?/si,s2; ("Si,S2) C (0, G /^]. 

The following Proposition has been already proved in [6], except that {St} need 
not be a semigroup of isometries. But in the proof of P, Proposition 37 (ii)], the ver- 
ification of measurability of the function t —>■ {xt, yt) does not need this assumption, 
and also the relation {xg+t, ys+t) = {xg, Vs) + {xt, yt), can also be verified without this 
assumption. 

Proposition 4.3. Let {{G{a,b)}, {St}) be a divisible sum system. If {xt} G RAU and 
{yt} G lAU, then 

{xt, yt) = {xi, yi)t V t G (0, 00). 
In general for any two intervals (si,S2), (^1,^2) C (0, s), it is true that 

(4.1) {xs„s2,'yt,M) = {xi,yi)\{si,s2)n{ti,t2)\, 

where \-\ is the Lebesgue measure on M. 

The next lemma immediately follows from the definition of a divisible sum system 
and Proposition 14. 31 which allows us to introduce the notion of the index of a divisible 
sum system. 

Lemma 4.4. Let {{Ga,b}, {St}) be a divisible sum system. For x = {xt} G RAU and 
y = {yt} ^ lAU, we set bc{x,y) = {xi,yi). Then be is non- degenerate as a bilinear 
form bo : RAU x lAU R. 
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Definition 4.5. For a divisible sum system [{Ga,b}, {St}), tlie index ind G is the 
number dim RAU = dim I AU G N U {oo}. 

From now onwards we assume tliat ({Ga,fe}, {St}) is a divisible sum system. We 
further assume that ind G = n is finite. In that case, both RAU and lAU carry 
unique linear topologies. Denote 

Gj^i = spanK[xs,,s2; (si,S2) C (0,t), {xt} E RAU] C Go,t, 

G°/ = spanM[*y;^_,^; (si,S2) C (0,t), {yt} G lAU] C Go,f 

For a given linear map J : lAU, we set J^^o to be the linear map Jt,o : Gg ^ — > 

Gq / determined by 

Jt,o{Xsi,S2) = ^J{^)'si,S2^ 

for (si,S2) C (0,t) and x G RAU. When Jtfl has a bounded extension to Go,t we 
denote it by Jf 

We need the following lemma. 

Lemma 4.6. Let G be a real Hilbert space and let Rq be a real linear operator on 
G^ with dense domain D{Rq), which preserves imaginary parts of the inner product. 
Suppose there exists a unitary operator U G B(r(G'^)) satisfying 

(4.2) UW{x)U* = W{Rox), \/ X e D{Ro), 

then Rq extends to a bounded invertible operator R on G^. Further it is true that 
R G S{G Q)G,G Q)G), where we identify G ®G with G'^ equipped with the real inner 
product (-, = Re (■, ■). 

Proof. First let us prove that Rq is bounded. Suppose C D{Ro) be any sequence 
which converges to 0. Then, by the strong continuity of the Weyl representation, we 
conclude that W{xn) converges strongly to 1. Therefore, by our assumption fl4.2l) . it 
follows that W{RoXn) also converges strongly to 1. Consequently {W{RoXn)^,^) = 
^-\\Roxn\\ /2 converges to 1 and hence we conclude that RoXn also converges to 0. 

We claim that the range of Rq is dense in G*^. Let K = Ran (Rq)^ with respect to 
the real inner product. Then [U Theorem 1,(5)] shows 

{W{Roz); z G G^y = {W{z\ z G %K}" . 

Since the left-hand side is C thanks to W{Rqz) = UW{z)U*, we get K = {0}, which 
shows the claim. Note that i?o is automatically injective and the inverse of Rq is well 
defined as a densely defined operator. A similar argument as above shows that the 
inverse is also bounded. The remaining part follows from the converse statement in 
the original Shales theorem ([]ji|). □ 

We will also be using the following lemmas. 
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Lemma 4.7. Let G be a second countable locally compact abelian group and let {w, K) 
be a continuous unitary representation of G on a complex Hilbert space K without 
containing the trivial representation. Let c : G K be a continuous 1-cocycle, that 
is, the map c satisfies the cocycle relation 

c(r + s) = c(r) + w{r)c{s), W r,s E G. 

Then the following equation holds for all r,s & G: 

{c{r),w{r)c{s)) = (c(s), w(s)c(r)). 

Proof. Thanks to [T71 Theorem 4.2.1], there exists a sequence {zn} in K such that 
{zn — w{g)zn} uniformly converges to c{g) on every compact subset of G. Then we 
have 

{c{r),w{r)c{s)) = hm {z„ - w{r)zn, w{r)zn - w{r)w{s)zn) 

n— »oo 

= hm ({Zn, w{r)Zn) + {Zn, w{s)Zn) - {Zn, Zn) - {Zn, w{r)w{s)Zn)) 

On the other hand, 

{c{s),w{s)c{r)) = hm (z„ - w{s)zn, w{s)zn - w{s)w{r)zn) 

= hm ({Zn,w{s)Zn) + {Zn,w{r)Zn) - {Zn, Z^) - {z^, W {s)w{r) Zn)) , 
n^oo 

which shows the statement. □ 

Let K he a. complex Hilbert space. Recall that the automorphism group Gk of 
the exponential product system of index dimi^ is described as follows (see [5]): Let 
U{K) be the unitary group of K. Then Gk is homeomorphic to M x x U{K) with 
the group operation 

(a, ^, u) ■ (6, r],v) = {a + b + lm U7]),^ + urj, uv). 

For (a, G Gk, the corresponding automorphism is realized by the family of 
unitary operators e*'**iy(l(o,i]OExp (l(o,t]M), t > 0. Direct computation shows the 
following: 

Lemma 4.8. Let G be an abelian group and let p : G 3 r ^ {a{r),C,{r),u{r)) G Gk 
be a map. Then p is a homomorphism if and only if the following relation holds for 
every r,s G G: 

(4.3) a(r + s) = a{r) + a{s) + Im (^(r), u(r)^(s)). 



(4.4) e(r + s) =e(r)+M(r)e(s), 

(4.5) u{r + s) = u{r)u{s) . 

In particular, when u{r) = 1 for all r E G, then p is a homomorphism if and only if 

(4.6) a{r + s) = a{r) + a{s) , 

(4.7) e(r + s)=e(r) + e(s), 



GENERALIZED CCR FLOWS 19 

(4.8) Im(e(r),e(s)) =0. 

Proof. The first statement is obvious. Assume u{r) = 1 now. Then Equation (14.31) 
imphes 

a(r + s) — a(r) — a{s) = Im (^(r), ^(s)). 

Note that the left-hand side is symmetric in r and s while the right-hand side is 
anti-symmetric. Thus the second statement holds. □ 

Theorem 4.9. Let {{Ga,b}, {St}) be a divisible sum system of finite index and let 
{{Ht}, {Us,t}) be the product system constructed out of the above sum system. Then 
the following statements are equivalent. 

(i) The product system {Ht, Ug^t) is of type I. 

(ii) There exists a linear isomorphism J : RAU —>■ lAU satisfying the following 
property: the bilinear form 6g(-, J-) is an inner product of RAU, and for each 
t > 0, the operator Jt^ extends to a bounded operator Jt on G^^t such that 
Jt G iS(G'o,t; G^o,t)- 

(iii) There exists a linear isomorphism J : RAU lAU satisfying the following 
property: the bilinear form 6g(") J') is an inner product of RAU and the oper- 
ator Jifi extends to a bounded operator Ji on Go.i such that Ji G iS(G'o,i, Gci). 

Proof. We set n = ind G. 

(i) =^ (ii) We assume that the product system {Ht, Ug^t) is of type /. Then it is iso- 
morphic to an exponential product system (0). We first claim that this exponential 
product system is also of index n. For t > 0, let 

Vt:T{Go,t)-^T{L\{{),t),K)) 

be a family of unitary operators, implementing the isomorphism between the above 
product systems. Here K is some separable complex Hilbert space. We want to show 
that the dimension of K is n. 

For each x G RAU and y G lAU, the families {W{xt)}t>o and {W{iyt)}t>o form 
automorphisms for the product system {Ht,Us^t) (0 Theorem 26]) satisfying the 
relations: 

(4.9) Vr(xf^)l^(xf^) = Vr(xf^ +xf^), V a;W,x(=^) G RAU, 

(4.10) W{iyl'^)W{zyl'^) = W{zyl'^ + ^yf )), V y^'\y^^^ G lAU 

(4.11) W{xt)W{iyt) = e-^'""^^'''y^W{iyt)W{xt), V x G RAU, V y G lAU. 
Therefore there exists two continuous homomorphisms 

p : RAU 3 x i-^ {a{x),^{x),u{x)) G Gk, 
a : lAU 3y^ ib{y),7]{y),v{y)) G Gk, 

satisfying 

(4.12) VtWixt)V: = e^*'^(^)l^(l(o,t]e(x))Exp (l(o,*]w(x)), 
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(4.13) VtW{iyt)V: = e^*^(^)l^(l(o,t]r/(i/))Exp (l(o,i]t^(l/)), 

where l(o,i] denotes the characteristic function of the interval (0,t]. Equation (14.111) 
imphes that in addition to the relations in Lemma 14. 8[ we have 

(4.14) 2bGix, y) = Im {ri{y), v{y)^{x)) - Im {^{x),u{x)r]{y)), 

(4.15) ^(x) + u{x)r]{y) = r]{y) + v{y)^{x), 

(4.16) u{x)v{y) = v{y)u{x). 

Let w{{x,y)) = u{x)v{y) and c{x,y) = ^(x) + u{x)ri{y). Then (14.51) and (14.161) 
imply that {K, w) is a continuous unitary representation of RAU x lAU, and (14.41) 
and (14.151) imply that c is a continuous 1-cocycle. Let 

Ko = {ze K; w{g)z = z,\/ge RAU x lAU}, 

and let Ki = Kq. Let ^j(x) be the projection of ^(x) to Ki and let r]i{y) be the 
projection of r]{y) to Ki. Then Lemma [4.71 implies 

(4.17) {Ux),u{x)7]i{y)) = {vi{y),v{yMx)), 
and Equation (14.141) is equivalent to 

(4.18) bG{x,y)=lm{T]oiy),Ux)). 

Assume that Ki is not trivial. Let < p < q < t. Then it is routine work to show 
VtW{xj,,,)V; = e^(^-^)''(^)iy(l(,,,]e(x))Exp (l(o,p] + lip,,]u{x) + l(,,t]), 

VtWi^'y'^^^W: = e^(«-^)^(^)W^(l(p,,]r/(y))Exp(l(o,p] + l^^v) + ^m)- 

By definition of Ki, either u{x^) or v{y^) is not trivial for some x° G RAU and 
y^ G lAU. Thus we assume that u{x^) ^ 1 (the case with non-trivial v(|/°) can 
be treated in the same way). Direct computation using Lemma [4.71 and (14.31) shows 
that the operator IV(l(o,t]^i(x°))Exp (l(o,t]M(x°)) commutes with V^{xp^|^'V^ and 
VtW{i*ypg)Vt* for all x E RAU, y G lAU, and < p < q < t. However, this 
contradicts the irreducibility of the vacuum representation of the Weyl algebra, since 
the sets {xp^g] {p, q) C (0, t), x G RAU} and {^y'p^g', (p, q) ^ (0, t), y E lAU} are total 
in Go,t due to the divisibility of the sum system. Hence K = Kq. 

Now assume that dimi^" is strictly larger than n. Then there exists non-zero 
( E K orthogonal to ^{RAU) and t]{IAU) with respect to the real inner product 
Re (■,■). Again we can show that l^(il(o,t]C) would commutes with VtW {xp^q)V^* 
and VtW{i^y'pq)V^ , for all x G RAU, y E lAU, and < p < g < t, which is a 
contradiction. Therefore we conclude that dim K <n. 

In the above argument, we have shown the following: there exist continuous ho- 
momorphisms ^ : RAU ^ K, r] : lAU K, a : RAU M, and b : lAU -> M 
satisfying 

(4.19) VtW{xt)V; = e**'^(^)l^(l(o,i]e(a:)). 



(4.20) 
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(4.21) Im ^(a;^^^)) =0, V x^^^ x^^^ G RAU, 

(4.22) Im (r/(i/(i)), r/(i/(2))) = Q, V y^'\y^'^ G 

(4.23) haix^y) = \m{7]{y),i{x)), \/ x e RAU, \/ y E lAU. 

Since 6^ is non-degenerate, Equation (14.231) shows that ^ and r] are injective, and in 
particular, the real dimension of the image of ^ is n. Thus Equation (14.211) shows that 
there exists an orthonormal basis {cj}"^^ of K consisting of elements in ^{RAU), and 
so dimi^T = n. Let x'-' = ^"^(cj). Then {x^}^^^ is a basis of RAU. Let {y^}'^^^ be 
the dual basis of {x-''}"^]^ in lAU with respect to the bilinear form he- Then there 
exists a real matrix {\jk) such that 

n 
k=l 

Moreover, Equation (I4.22p implies that the matrix (Xjk) is symmetric. Thus by 
changing the basis {ej}^^i if necessary, we may and do assume that (Xjk) is diagonal 
and there exist real numbers Xj such that 

(4.24) r^iy^) = iX,+t)e,. 

Next we want to get rid of a and b in the above. Let 

1 " 

C = 2E^(^')^(^')-25Z«(^')^(2/')• 
i=l j=i 

Then direct computation yields Im {C,^{x'')) = —a{x^)/2 and Im {Cviv'')) = '~b{y'')/2 
Now by replacing Vt with iy(l(o,t]C)Vf, we may and do assume a and b are trivial. 

Let Xj + i = TjC^^^ with rj > and 9j G (0,7r). Let g G ?7(-ft') be the unitary 
operator determined by gej = e^^^Cj for all j. We denote Ut = VJ*Exp (l(o,t]5')V^. 
Then for < p < g < t, we have 

UtWixi^W: = v:wi^^,,,]viy'))Vt = H^(vVL), 

?7,iy(^*l/^;jf/; = y;iy(l(,,,]r,e^2^^e,)\4 

= V:WiM,,42cose,r,e^'^-r,)e,)Vt 
= V:wm,,,]ia-rx^)+vi^cose,y^)))Vt 

= e-'^^''-P^'^'°''m{-r,xlg)W{t2cose/y''j,^g) 
= W{-rjXp^g + i2 cos^j Vp^J. 
We introduce a real linear operator _Ro with domain D{Rq) = G^ ^ + iG^J by setting 



R*R 
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which preserves the imaginary part of the inner product. Then we have the relation 
UtW{x)U; = W{Rox) for every x e D{Ro). Let J : RAU lAU be the hnear 
operator determined by Jx^ = rj^y^ . Lemma 14.61 imphes that Rq extends to an 
operator R G S{Go^t © Go,t, Co,* © Go,t), and in consequence Jt exists. Moreover, the 
operator Jt is invertible and R can be expressed in a matrix form as, 

where B is the bounded hnear extension of the map i^y\^q ^ 2 cos 6ji^y^ ^ Thus 

j^Jt j:b 

Therefore Jt G 5(G'o,t, Go,*) and i? is a Hilbert-Schmidt operator, and in consequence, 
we have cos^^j = for all j. This shows Jx^ = y^ and bcix^ , Jx'') = Sj^k, and so 
6g(-, J-) is an inner product (with an orthonormal basis {x^}^^i). 

(ii) =^ (iii) Clear. 

(iii) =^ (i) Assume that there exists a linear isomorphism J : RAU I ALA such 
that bci-, J-) gives an inner product of RAU and that the bounded extension Ji of 
Ji o exists and Ji G 5(G'o,i)- We first claim Jt G 5(Go,t) for each t G (0, 1). Denote 
G'^ t = Gj-^i n Go.i- Notice that JiIgo,* maps Go.t to G'^ t and A^i„t maps G'^ t to Go.t- 
Now our claim follows immediately from the observation that 

Jtfl = iAli-t\G'gJ{Jl,o\Go,t)- 

With the claim, it is routine work to show that Jt exists and Jt G iS(Go,i) for all 
t>0. 

Since bd-, J-) gives an inner product of RAU, we choose an orthonormal basis 
{x^}^=i with respect to this inner product. We set y^ = JxK Let IC be an n- 
dimensional real Hilbert space with an orthonormal basis {ej}^^^. 

Denote 

LW((0,t),/C) = spanM{l(p,,]e : (p, g) C (0,t), ^ e /C} 
which is a dense subspace of the real Hilbert space L^((0, t), /C). Define 

Bt : Git - ^'((0,t),/C), 5; : LW((0,t),/C) ^ G'o, 

and extend by linearity. Notice that Jtfl = B'^Bt. Using Proposition 14.31 we get 

{Btxlq,l{r,s]ek) = hk\[P,(l] n [r,s]\ = {x^g, B[l(^r,s]ek)- 

By taking linear sums, we observe that Bt and B'^ satisfy the adjoint condition on a 
dense subspace. So for any x G Gg ^ we have 

\\Btxf = {B',BtX,x) < \\Jt\\\\x\\\ 
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which shows that Bf extends to an element in B(G'o,t, -^^^((0, t), /C)). The operator B'^ 
also extends to a bounded operator because it is restriction of B^. We use the same 
symbols Bt and B'^ for their bounded extension. Then we have B*Bt = Jt- 

Now from our assumption Jt G iS(Go,t5 G^o,t) we have Bt G S{Go,t, L'^{{0,t),IC)). It 
is routine verification to see that Bt satisfies 

Bs © S'.Bt = B,+tAs,t{^Go,s © SsIgoJ V s,t G (0, 1), 

where we have identified ^^((0, s), /C) ©L2((s, s + /C) with L^{{0, s + t), IC). There- 
fore {{Ga^b}, {St}) is isomorphic, as sum system, to ({L^((a, 6), /C)}), {S"^'}) where 
{S't} is the unilateral shift. So {{Ht}, {t^,*}) is isomorphic to the exponential prod- 
uct system, and hence type I. □ 

Remark 4.10. It has been proved in [6l Theorem 39] that only type I and type III 
product systems can be constructed from divisible sum systems. So thanks to the 
above Theorem, violating the condition Ji G 5(G'o,i, Go,i) is necessary and sufficient 
for the associated product system to be of type III. This criterion is much more 
powerful than the necessary condition for type I already proved in [6l Theorem 40]. 
In fact we can arrive at that condition just by assuming that Ji is bounded. Suppose 
that En C (0, 1) be a sequence of elementary sets satisfying liminf Ge„ = Go,i. That 
is, given any x G Gq,! there exists a sequence {x„} satisfying x„ G Ge„ and x„ x. 
If we set yn = JiXn, then yn G G^c ■ Also if we assume that Ji is bounded, then yn 
converges to Jix. Thanks to [6], Lemma 28] this would imply that limsup Ge^ = {0}. 
In Section 6, we will see that there are examples of divisible sum systems of finite 
index with bounded Ji, which give rise to type III product systems. 



5. Additive cocycles 

In this section we compute the addits when G = L^(0, oo)^ and {St} is the shift 
semigroup. We use the notation L^(0,t)iR for the set of all real functions in L^(0,t). 
We follow the notations in [10] and use many results from there. The reader may 
refer to the summary of notations and results reviewed at the end of Section [2l 

We denote by 7^T'2,r the set of functions M G satisfying M{z) = M(z). We 
fix M{z) in ?iX'2,R and set Tt = e*^*^, and Kt = Tt — St- With the above condition, 
the real part L^(0, oo)^, is preserved by Tt. 

As defined in Section [3l for t > 0, we set 

Go*i = {/eL^(0,oo)M; T;/ = 0} 

and set Gofoo be Uf>o ^oi- When M is an outer function, one can see that Gq oo — 
L^(0, oo)iR from [lOl Theorem 6.4]. 

Definition 5.1. A measurable family {ct}t>o of elements in L^{0, oo)k is said to be a 
real additive cocycle for the pair ({S't}, {Tt}), if q G Gq{ for all t > 0, and the cocycle 
relation Cs+t = Cs + SgCt holds for all s,t > 0. A measurable family {dt}t>o of elements 
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in L^(0, oo)iR is said to be an imaginary additive cocycle for the pair ({5'f}, {T^}), if 
dt G L^{0, t)^ for all t > 0, and the cocycle relation dg+t = dg + T^dt holds. 

Remark 5.2. Clearly the real additive cocycles are same as the real addits for the 
sum system ({G^b}, as defined in Section [21 

While proving part (a) in Proposition 13. 6[ it has been proved, for any t > 0, 
that the map A'^ : © L'^ii, cxd)^ h-> L^(0, cxd)k, given by x © ?/ t-^ x + ?/, is in 
S{Gq^^ © L^(t, oo)k, L^(0, cxd)k). If {yi\ G Gq\ is an imaginary addit for the sum 
system ({G^j,}, {St}), then we have 

{{KY^yt. Stx) = (y, © 0, © Stx) = 0, V X G L2(0, oo), 
and hence Sl{A^ )^^yt = 0. Moreover 

{A':)-% + T,{A't*)-'yt = {A':r\ys(BSM'n-'yt) 

= {A'^+t*y^ys+t. 

In the above verification (and in the verification below) we have used our earlier 
observation that Tf = {A[*)~^{A[)~^St (see the proof of Proposition 13.61 (c)) and the 
associativity of the sum system ({G^^^}, {S't}). Conversely if {dt} is an imaginary 
cocycle for ({5'i}, {Tt}) then we have 

{A'*dt, © Stx) = {dt, Stx) = 0, V X G /.^(O, oo), 

and hence A't*dt G Gq{. Moreover 

{Alt)-\A';ds © SsA't*dt) = A',_,t*{K_,t*r\Altr\A';d, © SsA't*dt) 

= A',_,t*{A':)-'{A':d.®sjt) 

= A'^^t*{ds + Tsdt) 
= A'g+t ds+t- 

Hence an imaginary additive cocycle {dt}t>o for the pair ({5't}, {Tt}) is given by an 
imaginary addit {yt}t>o of the corresponding sum system ({Gf J, {^J) through the 
bijective correspondence dt = {A[*)~^yt and vice versa. (The above verification can 
as well be done without assuming {St} being semigroup of isometrics, by replacing 

St by {S:)~\) 

The following lemma is probably well-known. We include a proof here for the 
reader's convenience. 

Lemma 5.3. Let {q} be a real additive cocycle. Then t ^ ct is continuous. 

Proof. We regard L^(0, cxd)]r as a subspace of L^(M) in a natural way. Let {Ut} be 
the shift of L^(M). By setting q = —UtC-t for negative t, we can extend c to an M- 
cocycle. Let V{t) = W {ct)Exp {U (t)) G B(r(L2(M))). Then {V{t)} is a measurable 
unitary representation of M. It is well-known that such a representation is in fact 
continuous and so t i-^ W{ct) is continuous in the strong operator topology. Thus 
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t I— > (W{ct)^, $) = e^"'^*"/^ is continuous, where $ is the vacuum vector. Let P be 
the projection from r(L^(]R)) onto the one particle subspace of r(L^(R)). Then we 
have e"'^*"''^Piy = q and q is continuous. □ 



Let {ct}t>o be a real additive cocycle. Then Arveson's theorem [5l Theorem 5.3.2] 
shows that there exists c G L^^cl^, oo) such that q = c — StC, where we extend the 
shift St to Li^^[0,oo) in an obvious way. Lemma [531 and the cocycle relation imply 
that there exist positive constants a, b such that | |q| | < a + bt, and so 



\c{x)\^dx < ||ct|r < {a + bty. 

Jo 

Note that for every e > 0, 

POO poo J PX 

/ |c(a;)|V^"dx = / e-^" — ( / \c{y)\^dy)dx 
Jo Jo dx Jq 



oo 

„-ex I I „/„ m2 



c{y)\ dydx < oo. 

Jo Jo 
Thus for w EMr, we have 

POO 

Q = {ct.Tte^) = {c - StC, StCyj + KtCw) = / c(x + t)e"^"'rfx - £[c](w) + (c, i^te^). 

Jo 

Performing the Laplace transformation in the variable t, we get the following from 
Lemma 3.1] for 2; G Hr with sufficiently large Hez: 

C\c]{w) - C[c]{z) C[c]{w) 

r \C,ez){};,M,z,Cu,) — U, 

z — w z 

where ^m,z is as defined in the beginning of Section 3]. Now [101 Lemma 3.3] 
implies 

z£[c](z) wC[c]{w) 

M{z) ^ M{w) ' 

and so £[c](2;) is proportional to M{z)/ z. 

Thanks to the fact that M{z)/{1 + z) & iJ^(EIr), indeed there exists a function 
such that c^Ca G L2(0, 00) for all a > 0, and C[c^]{z) = M{z)/z. Note that is a 
real function. We set = — Stc'^^ . Then 

Clef] = ii^iinm, 

which belongs to H^{M.r). Thus cf^ G L'^{0, oo)^. Tracing back the above argument, 
we can actually show the following Lemma. 

Lemma 5.4. Let c^^ be a function in ^^^^^^,[0, 00) such that C[c\ (z) = M{z)/z and 
let cf^ = c*^ — Stc^^ . Then {cf^}t>o is a real additive cocycle. Every real additive 
cocycle is a scalar multiple of {ct^}t>o- 
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Let {df} be an imaginary additive cocycle now. The condition S^dt = is equiva- 
lent to that the support of df is in (0,t]. The cocycle relation 

ds+t{x) = ds{x) + {Ksdt){x) + {Ssdt){x) 

shows that for every s < x < t, we have ds+t{x) = dt{x — s) or equivalently, for 
every < x < t, we have ds+t{s + t — x) = dt(t — x). This means that there exists 
a function d G L^^cl^, oo) such that dt{x) = l^Q^t]{x)d(t — x). The cocycle relation is 
now equivalent to 

d{t + x) = d{x) + / k{x,y)d{t — y)dy, t,x>0. 







Note that t \—>- \\dt\\ is a non- decreasing function. Thanks to the cocycle relation, we 
can see that 



\\dtf = [ \d{s)\^ds 
Jo 



grows at most exponentially and the Laplace transformation of d exists for 

z with sufficiently large Kez. Performing the Laplace transformation of the above 
equation for the two variables t and x we get 

z — w w 

which is equivalent to 

zM{z)C[d]{z) = wM{w)C[d]{w). 

Thus should be proportional to l/{zM{z)). Indeed, pHl Corollary 4.3] shows 

that there exists d^^ e L^^JO, oo) such that C[d^^{z) = l/{zM{z)). 

Lemma 5.5. Let d^^ e Lf^jO, oo) such that C[d'^^]{z) = l/{zM{z)) and we set 
d^\x) = l(o,t](a;)(i*^(t — x). Then {df^}t>o is an imaginary additive cocycle. Every 
imaginary additive cocycle is a scalar multiple of {df^}t>o- 

Remark 5.6. We set cf^ = S,c^^ and df^ = T,c/f ^ for < s < t. Then due 
to Lemma iJ] (also for instance the relation (cf^^, (if^^) = {cf.df) + {cf,df) can 
easily be verified), there exists a constant C such that the (c^, c?*^) = C| [g, r] fl [s, 
where |.| is the Lebesgue measure. As we have 

(cf , df) = f c^\x)d^'{t - x)dx = c*^ * d^\t), 
Jo 

and £[c*^ * d^^]{z) = C[c^^]{z)C[d^'^]{z) = 1/z^, we actually get C = 1 in our case. 
A similar argument implies that the linear span of {df^}t>o is dense in L^(0, oo)^. 
Indeed, if / G -^^^(0, oo)m is orthogonal to df^ for every t > 0, 

ft 



o = {dr,f)= / d''\t-x)fix)dx = d''''*fit), 

Jo 

and so 

= C[d'' * f]iz) = C[d^']iz)C[f]iz) 



zM{z) 
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for z with sufficiently large Rez. This implies C[f]{z) = and / = 0. 

We will show that the linear span of {c^s}o<r<s<t is dense in and the linear 
span of {d^i}o<r<s<t is dense in L^(0,t). 

Lemma 5.7. Let Mi{z) be the inner component of M{z) {see [lOl Theorem 4.5]). 

Then the closed linear span of {c^j }o<s<t<oo is 

{/gL2(0,oo); C[f]eMjH\lIr)}. 

Proof. Note that the linear span of {cs,t}o<s<t<oo is an invariant subspace of the shift 
{St}t>o and 

Therefore, the statement follows from the Beurling-Lax theorem page 107]. □ 
Recall that there exists a measurable function k{x,y) such that 

POO 

Ktf{x) = lio,t){x) k{t-x,y)f{y)dy, f e L\0,oo), 



and there exists a > with 



^0 

TOl Equation 3.1, Lemma 4.1] shows 



/•oo poo 

/ / le'^^'ki^x, y)\'^dxdy < oo. 
Jo Jo 



oo POO 



JO 



M[zj{z — w) 
for z, w G with Re^; > a/2. 

Lemma 5.8. A function f G L^(0, oo)ir belongs to G^^^'^ if and only if there exists 
a positive number a such that 

£|/|(-a)M(a) _ g 



, {z + i\)M{w + i\) 
holds for all z,w ^ H.,. with Re w > a. 



Proof. To make sense of the statement, ffist we claim that for z,w E Mr with Re w > 
a, the function 

M{i\) 
{z + iX)M{w + iX) 
belongs to H'^(Mr). Let h{x) = e~^'^k{s,x — s)ds. Then since 



"5 

iX 



\h{x)\^ < I \e-'''k{s,x-s)\^dsx j e-^^'^'"-''^''du 

r I \e~°-''kis,x - sM^ds, 

w - a) Jo 



- 2Re(w 
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oo r-x POO 



dx / ds\e ""kis^x - s)]"^ = ds dx\e ""kis^x - s)\'^ 
Jo Jo Js 

roo 1*00 

= ds du\e~''''k{s,u)\'^ < 00, 
Jo Jo 

the function h belongs to L^{0, 00). In consequence, we have Cz * h E L'^{0, 00). On 
the other hand, for G Hr we have 

-1 /'OO rx 

C[e,*h]{C) = -/ dxe-""^ dse-''^k{s,x - s) 

^ + C Jo Jo 

= -/ dse""" dxe-'"^k(s,x- s) 

1 poo poo 

= / rfse-^("'+'^) / dye-y^kis.y) 

z + C Jo Jo 

w(z + M(w + 0' 
As the function i\ l/{z + iX) belongs H'^{M.r), we get the claim. 

If we interchange St and Tt in Lemma [3.5t (ii). we get that the orthogonal comple- 
ment of Gq[, which is Ran (Tj), is same as the range of the idempotent TtS^. Hence 
we conclude that a function / G -^^^(0, 00) belongs to the orthogonal complement of 
G^t if and only if 

f = Tts:f = {Kts: + Sts:)f, t>o. 

This is equivalent to 

/•oo 

(5.1) /(x) = / k{s,y)f{s + x + y)dy, x,s>0. 

Jo 

The Plancherel theorem implies that (15.11) is equivalent to 

(5.2) fix) = - / C[k{s, .)mC[f]{-zX)e-''^'^^^dX. 

Let z,w EMr with Kew > a. Then via the Laplace transformation, (15.21) is equivalent 

to 

(5.3) Cim.) = i r ^l^l'-f) (1 - J^)iX. 

^ ^ ^ ' 27r z + iX ^ M{w + iX)' 

Note that since C\f] G //^(H^), we have 



2t[ z — iX 

Thus (15. 3p is equivalent to 

C[f]{-iX) M{iX) 



: .,,dX = 0. 

z + tX M{w + tX) 

□ 
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Theorem 5.9. Let the notation be as above. Then 



[1) The linear span of {cfi}o<r,s<t is dense in 



Q,t- 



(2) The linear span o/ {c/^^}o<r,s<t is dense in L (0,t)R. 

Proof. (1) Let G^'*^ be the closure of the linear span of {c^}o<r<s<t, which is a 
closed subspace of G^^. First we show that Gq^^o — ^ooo- Note that [TDl Corollary 
4.3, Theorem 4.5] implies, for z,w ^M.^ with Kew sufficiently large, that the function 



{z + iX)M{w + iX) 

is an outer function in H'^[M.r). Thus Lemma [5.71 and Lemma [5.81 imply that 

'-^0,00 ^0,00 ' 

which shows that Gq^^ = G^^. 

Let Gq^^'° be the linear span of {c^}o<r<s<oo- Then Gg^^'^ is invariant under the 
(not necessarily orthogonal) idempotent 1 — StT^ from L^(0, oo) onto G^ thanks to 
Lemma [3.51 Now the statement for finite t follows from Lemma [3?7I and from the fact 
that Gq_^ = Gq^^. 

(2) We have already seen that the linear span of {(ir,s}s>r>o is dense in L^(0, 00)15. 
A similar argument works using the fact that 

L\0, t)M + TtL\0, oo)m = L\0, oo)m 

is a topological direct sum. □ 



Corollary 5.10. The sum system ({G^^^,}, {St}) is divisible and of index 1. 
Remark 5.11. Note that we have 



c: 



M M^^r (e--^"-e-"'")(e--^-e-*^)|M(a)p ^^ 

which depends only on the outer component of M{z). Since {Cg^}o<g<r determines the 
sum system ({G^^}, {St}), it is isomorphic to the sum system for the outer component 
of M. On the other hand, the cocycle conjugacy class of the i?o-semigroup arising 
from {e*'^^^}f>o is determined by the sum system for M, and so we conclude that the 
cocycle conjugacy class is determined by the outer component of M. Note that this 
is in consistence with the fact that Gq^^ = L'^{0, oo)ir when M is an outer function 
and with part (c) in Proposition 13. 6[ 
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6. Application of the type III criterion 



In what follows, we assume that M G HV2,r is an outer function unless otherwise 
stated. Then we have L^(0, oo)^ = Gq^^ and the sum system {GQ^^}t>o coincides with 
that discussed in [TOl Section 6] except that complex Hilbert spaces are considered in 
|10j . The function |M(2A)p corresponds to the spectral density function considered 
in [19] (see [TOl Section 6]). 

Let Jf^Q be a linear operator whose domain is the linear span of {c^}o<r<s<i sending 
c^g to d^g. When J/|q has a bounded extension, we denote it by J/^ considered as 
an operator in B(G'q^j, L^(0, t)^). As a consequence of Remark 15.21 we can restate 
Theorem 14.91 as below. 

We choose addits x = {xt} G RAU and y = {yt} ^ lAU of the sum system 
({Gq^}, {5*4}) such that Xt = Ct and {xt,yt) = t. We set J to be the linear map 
J : RAU — i> lAU determined by Jx = y. Then we have bdx, Jx) = 1 where be is 
the bilinear form of RAU x lAU defined in Section 4, and so bd-, J-) gives an inner 
product of RAU. Let Jtfl be as defined in Section 4. It is not hard to verify that 
{A[*)~^{^y'^ g) = d^^g, for all r,s < t. Then the theorem below follows from Theorem 
14.91 since 

Jt% = J,,o and A[ G 5(Go'5©L2(t,oo),L2(0,oo)), 

where A[ is as defined in Remark 15. 2[ 

Theorem 6.1. Let M G 7i'P2,M be an outer function. Then the generalized OCR flow 
arising from {e*'^"}t>o is of type I if and only if the bounded extension J/^ exists and 
it is invertible such that for some positive number a, the operator {Jf'^)*Jf^ — al is 
in the Hilbert- Schmidt class for all (some) t > 0. 



For a measurable (not necessarily bounded) function F on the imaginary axis, the 
Toeplitz operator Tp on L^(0, 00) with domain D{Tp) is defined as follows: 

/oo 
|F(a)n/:[/](zA)|2rfA<oo}, 
-00 



-00 

r>00 



{rFf){x) = l(o.oo)(x)— / F(zA)/:[/](zA)e^^^rfA, 

^-00 

where the above integral should be appropriately interpreted as usual. 

Assume that there exists a bounded operator J*^ G B(L^(0, 00)) whose restriction 
to is J/^. Then by construction, we have J^^ St = TfJ^' and so S^J^St = J^^ . 
Such an operator must be a Toeplitz operator (see, for example, [SI Chapterl3.3]). 
Indeed, we can determine the symbol even in the case where the global extension 
does not exist. 

Lemma 6.2. //1/{(1 + z)M{z)} G H'^iM.r), then is in the domain o/7^/|m|2 for 
< s < t and 

T — 
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Proof. The first statement is obvious. To prove the second statement, it suffices to 
show (Ti/iMpcf^cJi) = (cif^cjf,) for all < g < r. Indeed, 



^'j^^s,u\r) 27r |M(zA)|2 zA zA 

dA 



27r A2 

l(g,r]) 

□ 



Remark 6.3. The condition !/{(! + -2)M(2)} G if^(EI.r) in the above lemma is auto- 
matically satisfied for the class of {e*^*^} coming from Tsirelson's off white noises. An 
off white noise is a generalized Gaussian process with the spectral density functions 
qpW (denoted by W{\) in [19j) satisfying the following two conditions (in fact, the 
first one automatically follows from the second one as we will see below): 

(6-1) / < oo. 



(6.2) / / — — d\id\2 < oo. 

J-oo J~oo |Ai — A2I 

As described in [TOl Section 6], Tsirelson's i?o-semigroup arising from the spectral 
density function e^^^^ is conjugate to the generalized CCR flow given by an outer 
function M{z) with the relation |M(iA)p = e'''-^-*. Indeed, given a real function p(A) 
satisfying Equation (16.21) . the function M{z) G 7iP2,R is obtained by the integral 

M{z) = exp{— / , . ^Vx2 }- 



Via the change of variable ( = {z — l)/{z + 1), the condition (16.11) is equivalent to 
that A^(C) = M{z) belongs to the Hardy space if^(D), where D is the unit disc, 
while the condition (16. 2p is equivalent to that logiV(C) belongs to the analytic Besov 
space -82(10') (see [T9] and [211 Chapter 5]). Since we have the inclusion relation 
B2(P) C VMOA(D) (see [211 Lemma 9.4.2]), the condition ([621) solely implies both 
m and 1/A^(C) e H^{B)) thanks to [m page 100], and so l/{{l+z)M{z)} G H^iWr) 
holds. 

Tsirelson [TSl Lemma 10.2] shows that if 

lim M{iX) = 0, 

the i?o-semigroup arising from {Tt}t>o is of type III. With Theorem 16. 11 we can easily 
treat the other extreme case. 
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Theorem 6.4. Let M G Ti.T>2R be an outer function such that 1/{(1 + z)M{z)} G 
H^Mr). If 

lim \M{iX) \ = oo, 

A— >±oo 

then the generalized CCR flow arising from {Tt}t>o is of type III. 

Proof. We use the same function as in [TSl Lemma 10.1]. For a natural number n, 
we set 

n-l 



Jn — / ^ \(^2k 2k+l — C 2k + 1 2k+2 ) t Ltq -|^. 

' 2n ' 2n 2n ' 2n ' 

k=0 

Then C[fn]iz) = Fn{z)M{z) with 

, , \ e 2n -(-e2n — 2n (^1 — g — e2nj 

^n\Z) = > = — 

(l-e-^)(l-e-^) 
(1 + e~^)z 

The Plancherel theorem applied to the case with M = 1 implies 

/oo 
\FniiX)\'^dX = 2n. 
-oo 

Suppose that Jf^ exists and it is invertible. Then 

\M\2 



2n J_^\M{tXW ' 
which would imply 



|M(zA)|^ 

However, since the sequence {|-Fn(^)P}^i uniformly converges to on every compact 
subset of the imaginary axis, we get a contradiction. □ 



One can also reproduce Tsirelson's result [181 Lemma 10.2] using Theorem 16.11 
Indeed, assume that limA^±oo M(a) = and 1/{(1 + z)M{z)} G H^(Ilr). If 
{Tt}t>o gave a type I -Eo-semigroup, a similar computation as above would show 
that r(Jf/n,/n)|<||Jf||||/„|P and 

/OO POO 
\Fn{iX)\^dX<\\J^''\\ / \Fn{iX)\^\M{iX)\^dX, 
oo J — oo 

which is a contradiction. 

Among the spectral density functions treated in [19], the ones to which the above 
Theorem 16.41 applies are as follows: strictly positive smooth functions such that for 
large |A|, (1) |M(iA)|2 = log^|A| for /? > 0, or (2) |M(iA)|2 = exp(a log'^ |A|) with 
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a > and 0</3<l/2. It is quite likely that these families of spectral density 
functions give rise to mutually non-isomorphic product systems. 

Problem 6.5. Show that the product systems arising from the above spectral density 
functions are mutually non-isomorphic. 

Now we treat the case where |M(iA)| converges to a non-zero constant at infinity. 
Let be the restriction of Tm to D{Tm) n ^^(0, t)^. We claim that for / G D(Tm), 
the function M{z)C[f]{z) belongs to H'^{Mr). Recall that a function F{z) belongs to 
H'^{M.j.) if and only if (1 + z)F{z) belongs to the Hardy space if^(D) of the unit disc 
via the change of variable ( = {z — l)/{z + 1). Since M{z)/{1 + z) and C[f]{z) are 
in H'^iWr) and M{iX)C[f]{i\) is square integrable, the function (1 + z)M{z)C[f]{z) 
belongs to H^{mi)nL'^{T) C iJ2(D) and we get the claim. As a consequence, we have 
7M(l(r,s]) = c^, and the operator Lf^ is densely defined and its image is dense in 
G^. We denote by Pt the orthogonal projection from L^(0, oo)ir onto L^(0,t)iR. 

Theorem 6.6. Let Mi, M2 he (not necessarily outer) functions in 'H'D2,m.- We assume 
that Lf^^ is a bounded invertible operator from L^(0,t)iR onto G^^l fori = 1,2. Then 
the sum system for Mi and M2 are isomorphic if and only if there exists a positive 
constant a such that 

is a Hilbert- Schmidt operator for all (some) < t < 00. 

Proof. Since the sum system for M and Lf^*Lf^ depend only on the outer component 
of M, we may and do assume that Mi and M2 are outer. Since Lf^^ [L^^)~^c^'^ = cf^\ 
the two sum systems are isomorphic if and only if there exists a positive constant a 
such that 

is a Hilbert-Schmidt operator in B(G'^2) for all (some) < t < 00. Since Lf^^ is 
invertible, this is equivalent to that {Lf')*Lf' - a{L^^)*L^^ is a Hilbert-Schmidt 
operator, which shows the statement. □ 



Theorem 6.7. Let M G 7^2^2,r be an outer function. We assume that there exist 
two positive constants hi, 62 such that hi < \M{iX)\ < 62 for almost every A. Then 
the semigroup {e*^^^}t>o gives rise to a type I Eq- semigroup if and only if there exists 
a positive constant a such that 

PtT\M\^Pt - aPtTiiuTiij^jPt 

is a Hilbert-Schmidt operator for all (some) < t < 00. If moreover (/ — Pt)T^M\'^Pt 
is a Hilbert-Schmidt operator for all < t < 00 , then this condition is equivalent to 
that PtT\},[\2_^Pt is a Hilbert-Schmidt for all < t < 00 . 

Proof. By assumption, M and 1/M are in H°°{M.r) and Tm and Ti/^ are bounded. 
We also have T^m\^ = '^m'^m and T^/iA/p = T^^^^Ti/m- Lemma implies that J^^ is 
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the restriction of Tyj^.^TiiM to Ggi- Thus a similar argument as above using Theorem 
16.11 imphes the first statement. 

Now assume that (/ — Pt)T\M\'^Pt is a Hilbert-Schmidt operator for all < t < oo. 
Since 

{PtTyMT*/MPt){PtT\M\^Pt) =Pt- PtTi/MT*/,,{I - Pt)T\M\^Pt, 

the operator PtT\M\'^Pt is the inverse of PtTi/MT^/MPt ^lodulo the Hilbert-Schmidt 
operators. Thus thanks to the first statement, the semigroup {e^^^}t>o gives rise to 
a type I i?o-semigroup if and only if there exists a positive constant a such that 

iPtT\M\'^Ptf - aPt 

is a Hilbert-Schmidt operator for all < t < oo, which is equivalent that PtT\M\^~^iPt 
is a Hilbert-Schmidt operator for all < t < oo. □ 

Note that the assumptions of the above two theorems can be checked by using the 
Fourier transformation of the symbols in distribution sense. 

We now collect a few useful criteria for local boundedness of Toeplitz operators 
with unbounded symbols. 

For / G L^(]R) we denote by /(^) its Fourier transformation with normalization 

/oo 
-oo 

The next lemma may be regarded as a version of the well-known uncertainty principle. 

Lemma 6.8. Let E and F be measurable subsets o/M with finite Lebesgue measures 
\E\ and \F\ respectively. For f G L^(R) whose support is in E, we have 



jym'di<\E\\F 



Proof. First we assume / G L^(R) fl Li^iM). We take g G L^(M) such that g is the 
characteristic function of F. Then the Plancherel theorem implies 

I* /»00 /'OO 

/ \fm'di= / \i\i)m?di = 2n / \f*g{x)\'dx. 

J F J — oo J — oo 

On the other hand, 

\f*9{x)? = \ [ f{t)g{x-t)dt\'<\\f\\' I W-t)?dt, 

and so 



E JE 



/oo 
/ \g{x-t)\^dtdx = 2T:\\mg\\'\E\ 
oo J E 



2| 



\E\\F\. 

The statement in the general case follows from an easy approximation argument. □ 
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Lemma 6.9. Let M G T-CT>2r. If there exists e > such that the Lebesgue measure 
of 

{A G M; \M{i\)\ < 6} 
is finite, then there exists a positive constant Ct for each < t < oo such that 

||i:f/ll>a||/||, V/GL2(0,t)MnD(TM). 
Proof. Note that we have 

1 1"^ 

\\TMf\? = - \M{i\)\^\C[f]{i\)\'d\ 
for / G DiTM) as we have M{z)C[f]{z) G Let 

E„ = {AgM; |Af(zA)|<-}. 

n 

By assumption, \En\ is finite for large n. Note that M{iX) ^ almost everywhere 
as M{z)/{l + G if2(Hr), which implies that converges to 0. For / G 

L2(0,t)R n D{Tm), we have 



|M(zA)n/:[/](«A)|'c/A > / |M(a)hi:[/](2A)|'c/A 

> - [ \c[f]m'd\ 

n Jr\e„ 



^ i2n -t\Er, 



n 

2 



n 

where we use Lemma [6 .81 Thus for sufficiently large n with 2tt > t\En\, we get 

||T„/|r>H^||/|P. 
which finishes the proof. □ 



Lemma 6.10. Let (p G ^^(M) and let ^{iX) = 0{X). Then L'^iO^t)^ C D{T^) and 
Tcj,Pt is a Hilbert- Schmidt operator for all < t < oo. 

Proof. Let / G L^(0,t)M. Since L^(0,t)iR C L^(0, oo), the convolution ip * f makes 
sense as an element in L^(]R) and we get Tq>f{x) = l(o,oo)(a^)v^ * fi^)- In particular, 
7$Pf is the integral operator with the kernel l(^Q^oo){x){p{x — y)l(o,4](|/) and so 

ll^*^t|lH.s= / / \v{x-y)\^dxdy= / \^{u)Wt^{t + u))du<tM\\ 
Jo Jo J-t 

□ 

In a similar way as above, we can show the following: 
Lemma 6.11. Let Lp G L^(M) and let $(iA) = <^(A). 
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(1) 7$ is bounded. 

(2) PtTqyPt is a Hilbert- Schmidt operator for all < t < oo if and only if ip & 
LlM)- 

(3) (1 — Pt)T,i,Pt is a Hilbert- Schmidt operator for all < t < oo if and only if 

poo 

/ |v9(x)p(l A x)dx < oo. 



7. Examples 

Let V? be a real function in Ll^c[0, oo) fl -^^^((0, oo), a; A Idx) and let M = 1 — C[ip]. 
Then M belongs to ?iI^2,R- We determine the type of the generalized CCR flow 
arising from such M. 

Lemma 7.1. Let the notation be as above. Then Lf' is a bounded invertible operator 
from L^(0, t)^ onto Ggft for all < t < oo. 

Proof. Let fi{x) = l(o,i](a;)v?(a;) and f2{x) = l^i^oo){x)ip{x). Then ipi G L-^(0, oo) 
and If 2 £ -^^(0,00), and so Lemma \6.9\ Lemma \6.10\ and Lemma 16.111 imply the 
statement. □ 

Lemma 7.2. Let the notation be as above. For a natural number n, we set 

71-1 

Qnix) = / (li-afe 2fc+i i (x) — l/2fe+i 2fc+2 i (x) ) . 

^ V2n' 2n J 2n ' 2n J 

fc=0 

Then {ImQu - gn]n=i converges to 0. 

Proof. Note that C[g.n\{z) = Fn{z) holds, where F„ is as in the proof of Theorem 16.41 
Let ^i{z) = C[(fi]{z) for i = 1,2, where (p = (fi + (f2 is the decomposition as in the 
proof of Lemma mi Then T/v/^f^ — Qn = —T^iQn — '^^29n- Since {gn} converges to 
weakly, the second term converges to as T^^^i is a compact operator thanks to 
Lemma [6.101 Since $i(iA) is a continuous function vanishing at infinity, we get 

ii^*i^7nir = 7^ / i$i(a)nF„(zA)prfA^o, (n-^00). 



277 



—00 

□ 



Lemma 7.3. Let f,g,hE L^{0, l)nL^((0, 1), xdx). We regards L^{0, 1) as a subspace 
of L^(R) naturally and set g{x) = g{—x). If f,h ^ -^^(0, 1) such that 

1 1^1 Il'^h 1) 
limsup -j— -j — = C < 00, 

t^+O WfllL^t,!) 

then 

hm II „.. — = 0. 
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Proof. Let < t, £ < 1 with t + e < 1. Then 

^1 12 



h*g\\L2(t^i) < I dx I dr J ds\g{r)\\g{s)\\h{x + r)\\h{x + s)\ 



< dx dr ds\g{r)\\g{s) 
Jt Jo Jo 



\h{x + r)\^ + + s)p 



Thus 



= Mil / I^WIII^IIi2(t+^,i)rfr 
Jo 

Jo 

Hmsup f < Cll^lli / \gir)\dr, 

t^+O ||/||L2(i,i) Jo 



\LHt,l) 

and the statement holds. □ 

Theorem 7.4. Let ipi,ip2 e Ll^^l^, oo) fl L^((0, oo), x A Idx)^. and let Mj = 1 - £[v9i] 
for i = 1,2. 

(1) //v^i — G L'^{0, oo), the two sum systems for Mi and M2 are isomorphic. 

(2) Assume (pi ^ L^{0, 00). // the two sum systems for Mi and M2 are isomor- 
phic, then the following two statements hold: 



(7.1) hm 



|V^2||L2(t,oo) 



||V?l||L2{t,oo) 

(7.2) hm 





LL2{t,oo) 






1^2(4,00) 



t^+0 

Proof. Lemma 17.1 1 shows that Lf^' is a bounded invertible operator from L^(0,t)K 
onto Gq^". Therefore we can apply Theorem 16.61 to prove the theorem. 

(1) Assume that (fi — (p2 ^ L^(0, 00). Lemma [6.101 implies that Lf^^ — Lf^^ is a 
Hilbert-Schmidt operator for all < t < cxd and Theorem 16.61 shows that the sum 
systems for Mi and M2 are isomorphic. 

(2) Assume now that the sum systems for Mi and M2 are isomorphic. By the 
result just proved above, we may add a function in L^(0, 00) to ipi without changing 
the assumption. Therefore we may and do assume that ipi has support in (0, 1) and 
\\(pi\\i < 1 by truncating ipi. As a consequence, is a bounded operator and we 
have {Lf')*L^' = PtT\M,\2Pt now. Assume that ^i i ^^(0, 1). 

Theorem l6.6l implies that there exists a positive constant a such that PtT\M-i\'^-a\M2\'^Pt 
is a Hilbert-Schmidt operator for all < t < 00. This is possible only if a = 1 thanks 
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to Lemma [7.21 Let $j = Then 

|Mip - IM2P = $2 - $1 + $1- 1$!^ - 1*^2^) 

and we have 7[mi|2-|M2|2/ = l{o,oo)(a;)5' * f{x) for / G ^^(0, 00) with 
g = LP2 - 'fi + '^2 - '^1 + '^1 * - '^2 * '^2 ^ L^(]R), 

where the notation in Lemma [7.31 is used. Lemma [6.111 imphes that g G //^^^.(R) or 
equivalently g G 1, 1]) as g is supported by [—1, 1]. Setting h = ip2 — fi, 'we 

have 

g = h + h ~ h* h ~ ifi* h — h* (pi. 

First suppose that fl7.1l) does not hold. Exchanging the roles of ipi and if 
necessary, we may assume that there exist a number < 5 < 1 and a decreasing 
sequence of positive numbers {tn}^i converging to such that 

IIV52||L2(t„,l) < (1 - '^)||V5l||L2{t„,l) 

holds for all n G N. Then | |L2(t^ 1) > 5| Iv^il |L2(t^ 1). On the other hand we have 



1 = 



\\g + h * h + ifi 


* h + h * ipi\ 


U2(i„,l) 




\h\ 


U2(t„,l) 



whose right-hand side would converge to due to Lemma 17751 which is a contradiction. 
Thus Equation (17.11) holds. 

Equation (17. 2p can be shown in a similar way in the presence of (17.10 . □ 



Theorem 7.5. Let G Li^^jO, 00) n ^^((O, oo),x A ldx)w. and let M = 1 - C[ip]. 
Then the generalized CCR flow arising from {e*^^'^}t>o is of type I if and only if 
V? G L^(0, 00). In consequence, if fp ^ L^(0, 00), then the corresponding generalized 
CCR flow is of type III. 

Proof. Thanks to Theorem I7.4[ (1), to prove the theorem we may assume that (p is 
supported by (0, 1) and Hv^Hi < 1. In this case, the function M{z) is continuous and 

l-||v^||i<|M(^)|<l + ||y.||i 

holds on the closure of H^. In particular M is an outer function. Therefore we can 
apply Theorem 16.71 to M{z). 

First we claim that {1 — Pt)T\M\'^Pt is a Hilbert-Schmidt operator for all < t < 00. 
Let $ = Then 

(1 - Pt)T\M\^Pt = -(1 - Pt)Wt - (1 - Pt)r^Pt + (1 - Pt)M^Pt. 

Thanks to Lemma 16. IH the first two terms above are Hilbert-Schmidt operators. 
Note that we have ^^p/ = l(o,oo)V^* / for / G i^^(0, 00). Thus to prove the claim, 
it suffices to show that 

/ t\'p * (p{t)\^dt < 00. 
Jo 
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Indeed, we have 



x\(p * (f{x)\'^dx < / xdx I dr I ds\ip{r)\\(p{s)\\(p{x + r)\\(p{x + s)\ 



^0 



< I xdx I dr I rf.|v,(r)||^(s)|M^L±!l^M:^l±^ 



Jo 

= llv^lli / xdx / ds\(p{s)\\(p{x + s)]"^ 
Jo Jo 

= ds\(p{s)\ J^^ dy{y - s)\Lp{y)\^ 

— Ilv^lli / x\(p{x)\'^dx < oo. 
Jo 

Theorem 16.71 together with the above claim shows that the generahzed CCR flow 
arising from {e*^^^}t>o is of type I if and only if PtT\M\2-iPt is a Hilbert-Schmidt 
operator for all t, which is further equivalent to that 

is in 1, 1) thanks to Lemma [6.11^ (2). Lemma [7.31 shows that this is equivalent 
to the condition ip e 1/^(0, 1). □ 



Remark 7.6. Let (f be as above and Hv^Hi < 1. Then as shown in pIFj Section 6], the 
sum system can be realized as follows: Gq\ = L'^{0,t)^ as a topological vector 
space with a new inner product 

1 ^ 

{f^9)G = ^ J f{XmX)\M{^X)\'dX. 

Note that the norm of Gq\ is equivalent to the usual L^-norm as we have 

l-||v5||i<|M(zA)|<l + ||^||i. 

This means that the invariant for a product system (through the associated sum 
system) discussed in [18j and [6j can not distinguish the product system corresponding 
to this M from the exponential product system of index 1. 



8. Type III factors and type III Eq-semigroups 

8.1. Local algebras. For a product system E = {Et)t>o-, following [12], [IB] and [B], 

we introduce an analogue of the observable algebra for a finite interval / = (s, t) C 
(0,a) by 

A%i) = u:,{ciE^®nEt-s)®ciE^ju:;, 

where U^^ is the unique unitary operator between the Hilbert spaces Es®Et-s®Ea-t 
and Ha, determined uniquely by the associativity of the product system. 
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For a family {Ax}x^\ of von Neumann algebras, we use the notation Vaga^a for 
the von Neumann algebra generated by {^aIaga- For an open subset U of (0, a), we 
set 

icu 

where / runs over all intervals contained in U. Then the isomorphism class of A^{U) 
does not depend on the choice of a. 

Note that we can always ignore a finite subset of (0, oo) whenever we deal with 
A^{U) as we have A^{{r,s) U (s,t)) = A^{{r,t)) (see for instance Corollary 25 in 

i)- 

When U is an elementary set, that is a finite union of intervals, then A^{U) is 
a type I factor because it is generated by finitely many mutually commuting type I 
factors. However, when U has infinitely many components, it is not clear whether 
A^{U) is of type I or even it is not clear whether A^{U) is a factor. Indeed, Murray 
von Neumann's notion of the type of A^{U) gives a computable invariant of the 
product system {Et)t>o- 

Lemma 8.1. Let E = {Et)t>o be a product system and let U be a bounded non-empty 
open subset of {0, oo) . Then 

(1) If E has a unit, then A^{U) has a direct summand that is a type I^o factor. 

(2) If E is of type I, then A^{U) is a type loo factor. 

Proof. (1) We choose a > such that U C (0, a) and assume that A^{U) acts on Ea- 
Since U is open, there exist mutually disjoint open intervals J„ such that U = IJ^i ^n- 
Let V = {vt)t>o be a unit. Then we may and do assume that = 1 for all t > 0. 
Let L = A^{U)va and Pl be the projection from Ea onto L, which belongs to A^{Uy. 
We introduce a state u of A^{U) by ij{x) = {xvi, vi). Then for Xj G A^{Ii), we have 

U;{XiX2 ■ --Xn) = Uj{Xi)uj{x2) " " " ^^(Xn), 

which shows that u; is a product pure state of (S)"=i A{Ii) C A^{U) for all n. There- 
fore A^{U)Pl is a type loo factor. 

(2) We may assume that E is the exponential product system with the test function 
space i^^((0, oo), i^), where K is the multiplicity space. Then A^{U) is nothing but 
B(r(L2(f/, JsT))). □ 

Remark 8.2. If E has a unit and U = IJ^i('^ri,&n) with bn < ctn+i, then it is easy 
to show that A^{U) is a type I factor. Indeed, using the notation of the proof of (1) 
above, we have 

A'^iUyi = E{0,a) 

in this case. Therefore the defining representation of A^{U) is quasi-equivalent to its 
restriction to L. 
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8.2. Type of A^iU). We fix G AocP, oo) n L^{{0, oo), 1 A xdx)^ \ L'^{0, oo) and 
set $ = M = 1 - $. Let H = r(L^(0, oo)) and a'^ be the Eo-semigroup acting 
on M{H) defined by 

c^fiWif + ig)) = W{St + iTtg), f,ge L\0, oo)m. 

Then a''' is of type III as we saw in Theorem 16. 7[ Since the cocycle conjugacy class of 
a''' does not change under a L^-perturbation of (p, we assume that (p is supported by 
[0,1) and llv^lli < 1/3. Note that the Toephtz operator Tm is a bounded invertible 
operator with Tfj^ = Ti/m in this case. 

Let E'P be the product system for a"^ and A'^{U) := A^^iU). Then we may and 
do identify A'^{{0,t)) with af(M{H)y and ^^((s,t)) with <(^^((0, t - s))). 

Lemma 8.3. Let the notation be as above. Then 

A^iU) = {W{TMf + ir*-'gY f,9 e L^iU)^}". 

In consequence, the von Neumann algebra A'^{U) is either a type I factor or a type 
III factor. 

Proof. Let / = (s, t) be an open interval. When s = 0, using the duality theorem [H 
Theorem l',(5)], we have 

A^{0,t) = {W{Stf + zTtgy,f,geL\0,oo)ny 

= {Wif + tg); feG^;„geL\0,t)^}". 

Therefore 

A''iis,t)) = {WiSJ + tT,g); / G g e L'{0,t - .3^}" , 

and thanks to Theorem 15.91 

A^{{s, t)) = {W{^c^^y + ir]du^^); s < x < y < t, s < u < v < t, ^,r] e R}". 
Note that we have Cx,y = TMl{x,y) and 

du,v = Ti/\M\'^Cu,v = T^i/m'^1/mCu,v = T^M '^'^{s^t)-, 

and so we get 

A'il) = {W{rMf + tr;f'g); f,g e L\I)^}". 

For an open subset U of (0, 1), we take mutually disjoint open intervals such 
that U = ^n- Then 

oo 

A^{u) = \/{w{rMf + tr;f'gy,f,geL\iM" 

n=l 

= {WiTMf + tT;f'gy,f,geL\U)^}". 

Let Ki = TmL'^{U)m. and K2 = Tj^^* L"^ {U)^., which are closed spaces of L^(0, oo)^. 
To show that A'^{U) is a factor, it suffices to show that Ki fl K2 = r\ K2 = {0} 
(see [T!, Theorem l',(4)]). This immediately follows from {TMf,Tj^j^*g) = {f,g). The 
rest of the statement follows from [2]. □ 
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Let Ki and K2 be as above. It is shown in [1] Lemma 4.1], [2] that there exists 
an unique closed operator V : Ki ^ such that K2 is the graph of V . Moreover, 
the factor A^{U) is of type I (resp. type III) if and only if V is (resp. is not) a 
Hilbert-Schmidt class operator. (Though Kif\K2 = fl K2 = {0} is also assumed 
in [1], it is not really necessary.) 

Lemma 8.4. Let the notation be as above and let Pu be the projection onto L?'{U)^. 
Then V is the restriction of —T^^^*[I — Pu)T^j to Ki. In consequence, the factor 
^^{U) is of type I if and only if (/ — -Pt/)7^+$_|$|2P(7 is a Hilbert-Schmidt class 
operator. 

Proof Let Vo := -T^i^*{I - Pu)ni\K,. For /, (? G L\Uy, we have 

{V^TMf,TMg) = -((/ - Pu)r*,rMf,g) = 0, 

which shows that Vq is a bounded operator from Ki to K^. Moreover, we have 

Tm/ + VoTMf = TMf - r^,'*{I - Pum^Mf = T^,'*PuT^:,rMf e K2. 

Therefore to prove that = Vq, it suffices to show that PuT^,jTmPu is invertible in 
B(L2(t/)). Since 

M-'-M — -i — ■I'S) — -i^ -r -i^ ■i<s>, 

this follows from \ \T^\ \ < \ < 1/3. 

Since TmPu is an invertible operator from L'^{U)r onto Ki, we conclude that V is 
a Hilbert-Schmidt class operator if and only if 

T^^VTmPu = —{I — Pu)T\M\2Pu = {I — -Pi/)^+$-|$|2-Pi/ 
is a Hilbert-Schmidt class operator. □ 

For two subsets E, F of M, we denote hy EQ F the symmetric difference of E and 

F. 

Theorem 8.5. Let ip G L\^J[Q, 00) fi ^^^((0, 00), 1 A xdx)^, and let U be a bounded 
open subset of (0, 00). We regards ip as an element of L^{M) and set (p{x) = (f{—x). 
Then ^'^(f/) is a type I factor (resp. type III factor) if and only if the integral 

Ji = /" \<p{x) - <p * <p{x)\^\{U + x) e U\dx 
Jo 

converges (resp. diverges). When there exists a > such that (fix) is monotone on 
(0, a), the above integral converges if and only if the integral 

12= [ \y^{x)Wu + x) e u\dx 

Jo 

converges. 

Proof. Note that the isomorphism class of ^"^(t/) and whether Xi is finite or not 
are stable under L^-perturbation of ip. Therefore we may and do assume that ip is 
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supported by [0, 1] and Hv^Hi < 1/3. Then thanks to Lemma [8^ the factor A^{U) 
is of type I if and only if 

Ts := / dx dy\ip{x - y) + ip{x - y) - ip * ip{x - y)\'^ <oo, 

JiO,oo)\U JU 

because (J — Pu)%s>+'^-\.i,\2Pu is the integral operator with the kernel 
{(fix -y) + (p{x-y)-ip* (p{x - y))l(o,oo)\c/(a;)l[/(i/). 
On the other hand, we have 

Is = [ Ms) + ^{s)-^*^{s)W[0,oo)\U)n{U + s)\ds 







\v{s) - ^ * <f{s)\^{\{[0, oo)\U)n{U + s)\ + |([0, oo) \ f/) n (f/ - s)\)ds 



\ip{s) - ^ * 'f{s)\W{u + s)eu\- |[o, s] n u\)ds. 







Since 



1 .1 

\ip{s) - ip * (f{s)\'^\[0,s]nU\ds < / \(p{s) - * Lp{s)\^sds < oo, 
Jo 

we get the first statement. 

Assume now that ip is monotone on (0, a). When limj,.^_|_o <p{x) is finite, the function 
if is in L^(0, oo) fl L^(0, oo) and Ii and I2 are finite. Assume that the limit at does 
not exist. Then by truncating ip if necessary, we may assume that either (fix) is non- 
negative and decreasing or (p{x) is non-positive and increasing. Assume that (f{x) is 
non- negative and decreasing. (The other case can be treated in a similar way.) Then 
for < a; < 1 we have 

(p{x) > (p{x) — (f * Lp{x) = (p{x) — / (p{x + t)(p{t)dt 







> (p{x) — (p{x) / (p{t)dt = {1 — \\(p\\i)(p{x). 
Jo 

Therefore Xi is finite if and only if X2 is finite. □ 

When U is an elementary set, we have \{U + x) Q U\ = 0{x), (x 0) and Ii is 
always finite, which recovers the fact that A'^{U) is a type I factor. To construct 
U such that A^i^U) is of type III, we have to control the speed of convergence of 
lim,^+o|(f/ + x)ef/| =0. 

Lemma 8.6. Let f{x) be a non-negative strictly decreasing continuous function on 
(0, 00) satisfying lim^^+of{x) = 00, lim^^oo f{x) = 0, and 



/ f{x)dx < 00. 
Jo 
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We set ao = 0, a2„_i = a2„ = f'^in) for n G N, and 6„ = YJl^^ak- Let /„ = 
(&2n?&2n+i) ond U = IJ^o-^"' Then U is a bounded open set and the following 
estimate holds for every < x < f^^{l): 



(2/(x) - l)x < |(f/ + x) e f/| < (2/(x) + l)x + 2 / f{s)ds. 

Jo 

Proof. Note that we have 

J2 r\k)< / f{^s)ds-nf-\n+l) 

k=n+l 

and in particular, the set U is bounded. For < x < we choose n so that 

f~^{n + 1) < X < f'^^{n), which is equivalent to n < f (x) < n + 1. Then we have 



nx < \{U + x)\U\ <nx + ^ {h 

k=n+l 

c 

+ l)x<\{U -x)\U\<{n + l)x+ J2 



k=n+l 

oo 
k=n+2 

and so 



{2n + l)x <\{U + x)eU\ < (2n + l)x + 2 ^ /"^(A;). 

fc=n+l 

Since f{x) — 1 < n, we get the lower estimate. Since 

E f~'(k)< / /(s)rfs-nri(n + l)< / f{s)ds 

k=n+l 

and n < f{x), we get the upper estimate. □ 

For two real valued functions h{x) and g{x) on (0,cxd), we denote h{x) x g[x) if 
there exist positive numbers a, 6, c > such that 

bh{x) < g{x) < ch{x), Vx G (0,a). 

Corollary 8.7. Assume that f{x) = x'^~^L{x) satisfies the assumption of Lemma \8.6\ 
such that < 7 < 1 and L{x) is a slowly varying function (see [8\ for the definition). 
If U is a bounded open subset of (0, cxo) constructed from f in Lemma ISTSl then 

\{U + x)eU\ xa;U(x). 

For < (3 < 1/2, we set ^Pislx) = x^~^e~^. Then satisfies the assumption of 
Theorem 18.51 Corollary 18.71 shows that for any < /3i < < 1/2, there exists a 
bounded open set U C (0, oo) such that A'^'^^ {U) is a type III factor and A^i^'^ {U) is 
a type I factor. In particular a^i^^ and a'^'^a are not cocycle conjugate. 

Theorem 8.8. There exist uncountably many mutually non-cocycle conjugate type 
III Eo-semigroups of the form a'^ with ip G Ll^^[0, oo) fl L'^{{0, oo), 1 A xdx)^. 
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